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Introduction

For Repsq ą 1, the Riemann zeta function is given by

ζpsq “
8
ÿ

n“1

1

ns
.

Thanks to Euler, we know the formula

ζpsq “
p2πqs |Bs |

2 s!
for s “ 2, 4, 6, 8, . . .

where Bernoulli numbers Bs P Q are defined by generating function

z

ez ´ 1
“

8
ÿ

n“0

Bn

n!
zn ñ Bn “ 1,´

1

2
,

1

6
, 0,´

1

30
, 0,

1

42
, 0,´

1

30
, . . . .
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Much less is known about the arithmetic nature of values of the
zeta function at odd integers s “ 3, 5, 7, 9, . . . .

˛ ζp3q is irrational [Apery, 1978];

˛ Infinitely many ζp2n ` 1q are irrational numbers;

˛ Conjecture. The numbers π, ζp3q, ζp5q, . . . , ζp2n ` 1q are
algebraically independent over Q: for any n ě 1 and for any
non-zero polynomial P P Zrx1, . . . , xns,

Ppπ, ζp3q, ζp5q, . . . , ζp2n ` 1qq ­“ 0.
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Definitions of MHS and MZV

Let d ě 1 and let s “ ps1, . . . , sdq P pN˚qd .
We define the Multiple Harmonic Sum (MHS) as

Hnps1, . . . , sdq :“
ÿ

1ďk1ăk2ă¨¨¨ăkdďn

1

ks11 ks22 ¨ ¨ ¨ k
sd
d

.

If sd ě 2, the Multiple Zeta Value (MZV) is given by

ζps1, . . . , sdq “ lim
nÑ8

Hnps1, . . . , sdq.

We call d and w :“ s1 ` ¨ ¨ ¨ ` sd respectively the depth and the
weight of s.
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Representation of MZV as iterated integral

ζps1, . . . , sdq “

ż

0ătwă¨¨¨ăt2ăt1ă1

dt1 dt2 ¨ ¨ ¨ dtw
a1pt1qa2pt2q ¨ ¨ ¨ aw ptw q

with ai ptq “

"

1´ t for i P tsd , sd ` sd´1, . . . ,wu,
t otherwise.

We assign to s “ ps1, . . . , sdq the word

u “ x sd´10 x1x
sd´1´1
0 x1 ¨ ¨ ¨ x

s1´1
0 x1

in non-commuting letters x0, x1, and we write ζpsq “ ζpuq.
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For example

ζpx0x1x1q “

ż 1

0

dt1
t1

ż t1

0

dt2
1´ t2

ż t2

0

dt3
1´ t3

“

ż 1

0

dt1
t1

ż t1

0

dt2
1´ t2

8
ÿ

j“1

ż t2

0
t j´13 dt3

“

ż 1

0

dt1
t1

ż t1

0

dt2
1´ t2

8
ÿ

j“1

t j2
j

“

ż 1

0

dt1
t1

8
ÿ

i“1

8
ÿ

j“1

ż t1

0

t j`i´12

j
dt2

“

ż 1

0

dt1
t1

8
ÿ

i“1

8
ÿ

j“1

t j`i1

jpj ` iq

“

8
ÿ

i“1

8
ÿ

j“1

1

jpj ` iq2
“ ζp1, 2q.
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Duality relation for MZVs

The change of variable

pt1, . . . , tnq Ñ p1´ tn, . . . , 1´ t1q

in the iterated integral, yields the duality relation for MZVs

ζpuq “ ζpu1q,

where u1 is defined by transposing x0 and x1 in u,

u “ x sd´10 x1x
sd´1´1
0 x1 ¨ ¨ ¨ x

s1´1
0 x1 Ñ u1 “ x0x

s1´1
1 ¨ ¨ ¨ x0x

sd´1´1
1 x0x

sd´1
1 .

Notice that pu1q1 “ u.

For example

ζpt1ua, 2q “ ζpx0x
a`1
1 q “ ζpxa`10 x1q “ ζpa` 2q.
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Shuffle product �

We define a product � between words on alphabet tx0, x1u which
is distributive over the addition and satisfies the rules

1) @u, 1� u “ u� 1 “ u ,

2) @u, v, xiu� xjv “ xi pu� xjvq ` xjpxiu� vq.

The �-product is commutative and associative. Moreover

ζpuq ¨ ζpvq “ ζpu� vq.

For example

x0x1 � x0x1 “ 2x0px1 � x0x1q “ 2x0x1p1� x0x1q ` 2x0x0px1 � x1q

“ 2x0x1x0x1 ` 4x0x0x1x1

implies that ζp2q2 “ 2ζp2, 2q ` 4ζp1, 3q.
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Stuffle product ˚

We define a product ˚ between words on alphabet tyi : i ě 1u
which is distributive over the addition and satisfies the rules

1) @u, 1� u “ u� 1 “ u ,

2) @u, v, yiu ˚ yjv “ yi pu ˚ yjvq ` yjpyiu ˚ vq ` yi`jpu ˚ vq.

The ˚-product is commutative and associative. Moreover

Hnpuq ¨ Hnpvq “ Hnpu ˚ vq and ζpuq ¨ ζpvq “ ζpu ˚ vq.

For example

y2 ˚ y2 “ 2y2p1 ˚ y2q ` y4p1 ˚ 1q “ 2y22 ` y4

implies that

Hnp2q
2 “ 2Hnp2, 2q ` Hnp4q and ζp2q2 “ 2ζp2, 2q ` ζp4q.

Roberto Tauraso Analogies between MZVs and MHSs



Stuffle product ˚

We define a product ˚ between words on alphabet tyi : i ě 1u
which is distributive over the addition and satisfies the rules

1) @u, 1� u “ u� 1 “ u ,

2) @u, v, yiu ˚ yjv “ yi pu ˚ yjvq ` yjpyiu ˚ vq ` yi`jpu ˚ vq.

The ˚-product is commutative and associative. Moreover

Hnpuq ¨ Hnpvq “ Hnpu ˚ vq and ζpuq ¨ ζpvq “ ζpu ˚ vq.

For example

y2 ˚ y2 “ 2y2p1 ˚ y2q ` y4p1 ˚ 1q “ 2y22 ` y4

implies that

Hnp2q
2 “ 2Hnp2, 2q ` Hnp4q and ζp2q2 “ 2ζp2, 2q ` ζp4q.

Roberto Tauraso Analogies between MZVs and MHSs



Conjectures on MZVs

How many MZVs of weight w ě 2 are there?

ˇ

ˇ

ˇ

ˇ

ˇ

!

ps1, . . . , sdq P pN˚qd : d ě 1, sd ě 2,
d
ÿ

i“1

si “ w
)

ˇ

ˇ

ˇ

ˇ

ˇ

“ 2w´2.

Let Zw be the Q-vector space generated by the MZVs of weight
w ě 2. What is the dimension of Zw?

Dimension Conjecture [Zagier, 1993].

Set d0 “ 1, d1 “ 0, d2 “ 1 and

dw “ dw´2 ` dw´3 @w ě 3.

Then dimpZw q “ dw for w ě 2.

It is known that dimpZw q ď dw , but there is not a single value of
k ě 5 for which it is known that dimpZw q ą 1.
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Z4 “ xζp4q, ζp1, 3q, ζp2, 2q, ζp1, 1, 2qy.

The following relations hold:

ζp2q2 “

ˆ

π2

6

˙2

“
5

2

ˆ

π4

90

˙

“
5

2
ζp4q,

ζp1, 1, 2q “ ζp4q,

ζp2q2 “ 2ζp2, 2q ` 4ζp1, 3q,

ζp2q2 “ 2ζp2, 2q ` ζp4q.

Therefore Z4 “ xζp2, 2qy:

ζp4q “ ζp1, 1, 2q “
4

3
ζp2, 2q , ζp1, 3q “

1

3
ζp2, 2q.
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Basis Conjecture [Hoffman, 1997].

Zw has a basis consisting of

!

ζpsq : |s| “ w , si P t2, 3u for i ě 1
)

.

d2 “ 1, Z2 “ xζp2qy,
d3 “ 1, Z3 “ xζp3qy,
d4 “ 1, Z4 “ xζp2, 2qy,
d5 “ 2, Z5 “ xζp2, 3q, ζp3, 2qy
d6 “ 2, Z6 “ xζp2, 2, 2q, ζp3, 3qy,
d7 “ 3, Z7 “ xζp2, 2, 3q, ζp2, 3, 2q, ζp3, 2, 2qy,
d8 “ 4, Z8 “ xζp2, 2, 2, 2q, ζp2, 3, 3q, ζp3, 2, 3q, ζp3, 3, 2qy,
d9 “ 5, Z9 “ xζp2, 2, 2, 3q, ζp2, 2, 3, 2q, ζp2, 3, 2, 2q,

ζp3, 2, 2, 2q, ζp3, 3, 3qy.
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Some of the elements of this basis can be expressed in terms of
ordinary zeta values:

ζpt2uaq “ p´1qarz2a`1s

˜

z
8
ź

k“1

ˆ

1´
z2

k2

˙

¸

“ p´1qarz2a`1s
sinpπzq

π
“

π2a

p2a` 1q!
,

ζpt2ua, 3, t2ubq “ 2
a`b`1
ÿ

r“1

cr ,a,bζp2r ` 1qζpt2ua`b`1´r q

where cr ,a,b “ p´1qr
´

`

2r
2a`2

˘

´
`

1´ 1
4r

˘ `

2r
2b`1

˘

¯

.
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Congruences of MHSs

[Wolstenholme, 1862] For every prime p ě 5 we have

Hp´1p1q “ 1`
1

2
`

1

3
` ¨ ¨ ¨ `

1

p ´ 1
” 0 pmod p2q.

[Zhou-Cai, 2007] Let s, d ě 1 and w “ sd . For every prime
p ą w ` 2 we have

Hp´1ptsu
dq ”

$

’

’

&

’

’

%

p´1qd
spw ` 1qp2

2pw ` 2q
Bp´w´2 pmod p3q if 2 - w ,

p´1qd´1
sp

w ` 1
Bp´w´1 pmod p2q if 2 |w .

Remark: by Clausen-von Staudt Theorem, the denominator of B2n

is the product of primes p such that p ´ 1 | 2n.
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Relations for MHSs

How many MHVs of weight w ě 2 are there?

ˇ

ˇ

ˇ

ˇ

ˇ

!

ps1, . . . , sdq P pN˚qd : d ě 1,
d
ÿ

i“1

si “ w
)

ˇ

ˇ

ˇ

ˇ

ˇ

“ 2w´1.

Relations for MHSs can be generated by using the stuffle product
and the duality relation:

Hp´1ps1, . . . , sdq “
ÿ

1ďk1ă¨¨¨ăkdďp´1

1

ks11 ¨ ¨ ¨ k
sd
d

“
ÿ

1ďkdă¨¨¨ăk1ďp´1

1

pp ´ k1qs1 ¨ ¨ ¨ pp ´ kdqsd

” p´1q|s|Hp´1psd , . . . , s1q pmod pq.
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Identities involving binomial coefficients

More relations can be obtained by using special binomial identities.
For example, let us consider

n
ÿ

k“1

1

k2
“

ÿ

1ďiďjďn

p´1qj´1

ij

ˆ

n

j

˙

.

Since

p´1qj´1
ˆ

p

j

˙

“ p´1qj´1
p

j
¨
pp ´ 1q ¨ ¨ ¨ pp ´ pj ´ 1qq

pj ´ 1q!
”

p

j
pmod p2q,

by the above identity , it follows that

Hp´1p2q “ p
ÿ

1ďiďjďp´1

1

ij2
“ pHp´1p1, 2q ` pHp´1p3q pmod p2q.

Hence

Hp´1p1, 2q ”
Hp´1p2q

p
” Bp´3 pmod pq.

Roberto Tauraso Analogies between MZVs and MHSs



More binomial identities

[Kh. & T. Hessami Pilehrood and Tauraso, 2012]
Let a, b ě 0, c ě 2 and An,k “ p´1qk´1

`

n
k

˘

{
`

n`k
k

˘

. Then

H‹npt2u
a, c , t2ubq “2

n
ÿ

k“1

An,k

k2a`2b`c

` 4
ÿ

i`j`|s|“c
iě1,jě2,|s|ě0

2dpsq
n
ÿ

k“1

An,kHk´1p2a` i , sq

k2b`j
,

where dpsq is the depth of s and

H‹nps1, . . . , sdq :“
ÿ

1ďk1ďk2ď¨¨¨ďkdďn

1

ks11 ks22 ¨ ¨ ¨ k
sd
d

.
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Let a, b ě 0 and let p be a prime.
Then the following congruences hold modulo p.
i) For p ą w “ 2a` 2b ` 1,

Hp´1pt2u
a, 1, t2ubq ”

4p´1qa`bpa´ bqp1´ 1{4a`bq

p2a` 1qp2b ` 1q

ˆ

w ´ 1

2a

˙

Bp´w .

ii) For p ą w “ 2a` 2b ` 3,

Hp´1pt2u
a, 3, t2ubq ”

p´1qa`bpa´ bq

pa` 1qpb ` 1q

ˆ

w ´ 1

2a` 1

˙

Bp´w .

Moreover, for any prime p ą 9,

Hp´1p1, 1, 1, 4q ”
27

16
Bp´7 pmod pq,

Hp´1p1, 1, 1, 6q ”
1889

648
Bp´9 `

1

54
B3
p´3 pmod pq.
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Let a, b ě 0 and let p be a prime.
Then the following congruences hold modulo p.
i) For p ą w “ 2a` 2b ` 1,

Hp´1pt2u
a, 1, t2ubq ”

4p´1qa`bpa´ bqp1´ 1{4a`bq

p2a` 1qp2b ` 1q

ˆ

w ´ 1

2a

˙

Bp´w .

ii) For p ą w “ 2a` 2b ` 3,

Hp´1pt2u
a, 3, t2ubq ”

p´1qa`bpa´ bq

pa` 1qpb ` 1q

ˆ

w ´ 1

2a` 1

˙

Bp´w .

Moreover, for any prime p ą 9,

Hp´1p1, 1, 1, 4q ”
27

16
Bp´7 pmod pq,

Hp´1p1, 1, 1, 6q ”
1889

648
Bp´9 `

1

54
B3
p´3 pmod pq.
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Conjectures on MHSs

For n ě 2, define the commutative ring

Qpnq :“ ta{b P Q : a{b is reduced and if a prime p|b then p ď nu ,

and the Qpnq-module Mpnq :“
ś

pąn Zp.
Let Hpsq :“ pHp´1psq pmod pqqpąn PMpnq for some n ě |s| ` 2.
Let Hw be the submodule generated by Hpsq of weight |s| “ w .
What is the rank of Hw?

Dimension Conjecture [Zagier-Zhao, 2013].

Set r0 “ 1, r1 “ 0, r2 “ 0 and

rw “ rw´2 ` rw´3 @w ě 3.

Then rankpHw q “ rw for w ě 1.
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Basis Conjecture [Zhao, 2013].

Hw has a basis consisting of

!

Hpsq : |s| “ w , s1 “ 1, s2 “ 2, si P t2, 3u for i ě 3
)

.

For example,

r1 “ 0, H1 “ x0y,
r2 “ 0, H2 “ x0y,
r3 “ 1, H3 “ xHp1, 2qy,
r4 “ 0, H4 “ x0y,
r5 “ 1, H5 “ xHp1, 2, 2qy,
r6 “ 1, H6 “ xHp1, 2, 3qy,
r7 “ 1, H7 “ xHp1, 2, 2, 2qy,
r8 “ 2, H8 “ xHp1, 2, 2, 3q,Hp1, 2, 3, 2q,Hp1, 1, 1, 4qy,
r9 “ 2, H9 “ xHp1, 2, 3, 3q,Hp1, 2, 2, 2, 2q,Hp1, 1, 1, 6qy,
r10 “ 3, H10 “ xHp1, 2, 2, 2, 3q,Hp1, 2, 2, 3, 2q,Hp1, 2, 3, 2, 2q,

Hp1, 1, 1, 1, 6q,Hp2, 2, 1, 4, 1qy.
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More examples of series and similar congruences.

The following congruences hold modulo p3, for any prime p ą 5,

˛ [Tauraso, 2010]

8
ÿ

k“1

1

k2

ˆ

2k

k

˙´1

“
1

3
ζp2q,

p´1
ÿ

k“1

1

k2

ˆ

2k

k

˙´1

”
1

3

Hp´1p1q

p
,

8
ÿ

k“1

p´1qk

k3

ˆ

2k

k

˙´1

“ ´
2

5
ζp3q,

p´1
ÿ

k“1

p´1qk

k3

ˆ

2k

k

˙´1

”
2

5

Hp´1p1q

p2
.

˛ [Mattarei-Tauraso, 2012]
8
ÿ

k“1

p´1qk

k

ˆ

2k

k

˙´1

“ ´
2
?

5 lnpφq

5
,

p
p´1
ÿ

k“1

p´1qk

k

ˆ

2k

k

˙´1

”
1´ LpFp

2
´

2
?

5£2pφq

5
p2,

where φ “ 1`
?
5

2 and £2pxq “
p´1
ÿ

k“1

xk

k2
.
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