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Introduction

For Re(s) > 1, the Riemann zeta function is given by
- 1
P

Thanks to Euler, we know the formula

(2m)°|Bs|

((s) = el for s =2,4,6,8,...

where Bernoulli numbers Bs € Q are defined by generating function

o0

11 11 1
= N B By=1,—>,=,0,—=—0,—.0,——,....
r;)n!z = 259 730%2% 3
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Much less is known about the arithmetic nature of values of the
zeta function at odd integers s = 3,5,7,9,....



Much less is known about the arithmetic nature of values of the
zeta function at odd integers s = 3,5,7,9,....

¢ ((3) is irrational [Apery, 1978];
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Much less is known about the arithmetic nature of values of the
zeta function at odd integers s = 3,5,7,9,....

¢ ((3) is irrational [Apery, 1978];

o Infinitely many ((2n + 1) are irrational numbers;
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Much less is known about the arithmetic nature of values of the
zeta function at odd integers s = 3,5,7,9,....

¢ ((3) is irrational [Apery, 1978];
« Infinitely many ¢(2n + 1) are irrational numbers;

¢ Conjecture. The numbers m,((3),((5),...,{(2n+ 1) are
algebraically independent over Q: for any n > 1 and for any
non-zero polynomial P € Z[x1, ..., Xp],

P(m,C(3),C(5),...,¢(2n+ 1)) + 0.
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Definitions of MHS and MZV

Let d >1andlets = (s1,...,54) € (N¥)“.
We define the Multiple Harmonic Sum (MHS) as

1
Ha(st, ..., 5q) = > Pk

1<ki<kp<--<kg<n 1
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Definitions of MHS and MZV

Let d >1andlets = (s1,...,54) € (N¥)“.
We define the Multiple Harmonic Sum (MHS) as

1
Ha(st, ..., 5q) = > Pk

1<ki<kp<--<kg<n 1

If sq4 = 2, the Multiple Zeta Value (MZV) is given by
C(s1y...,84) = nILmOO Hp(s1,. .., 5q)-

We call d and w := s1 + - -+ + s4 respectively the depth and the
weight of s.
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Representation of MZV as iterated integral

dt; dtp - - - dt,,

C(Sl Sd) :J
’ ’ O<ty<--<tr<t <1 al(tl)a2(t2) T aW<tW)

with a;(t) = { 1—t forie{sq,Sq+Sd-1,---,W},

t otherwise.
We assign to s = (si,...,S4) the word
—1 sy 1—1 _
u=x" g g

in non-commuting letters xg, x1, and we write ((s) = ((u).

Roberto Tauraso Analogies between MZVs and MHSs



For example

g t3

)

dts
11—t

B fl dty F
o t1 Jo

C(xox1x1)

g
5
i
.,H3
&
¢ o .I.~L27.J
)
8L 8lA]T
& S
S 8!
s|! T
— —
T _o T_o
gls 4le
in o o

J

t téJrifl
1

LT 8T 2

um;t dTL wZ,_

s % wz.m

Analogies between MZVs and MHSs

Roberto Tauraso



Duality relation for MZVs

The change of variable
(t1,..oyth) > (L —tp,...,1—1t1)

in the iterated integral, yields the duality relation for MZVs

where u’ is defined by transposing xp and x; in u,

sg—1 Sg—1—1 sp—1 s1—1

1 _
u=x" "xix, xpoexgtxa o U = xpxg ! sg—1,

e xox T X0

Notice that (u’)’ = u.
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Duality relation for MZVs

The change of variable
(t1,..oyth) > (L —tp,...,1—1t1)

in the iterated integral, yields the duality relation for MZVs

where u’ is defined by transposing xp and x; in u,
_ _sg—1 Sd—1—1 s1—1 si—1 Sd—1—1 sq—1
u=x" "x1x; xpoexgtxa = U =Xt xox xox? .

Notice that (u’)’ = u. For example

C({1)%,2) = (™) = C0g T x) = ¢(a+2).
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Shuffle product LL

We define a product LUl between words on alphabet {xg, x1} which
is distributive over the addition and satisfies the rules

1)Vu, lwu=uwl=u,

2) Yu,v, xju W xjv = x;(u W x;v) + x;(xju LU v).
The Lu-product is commutative and associative. Moreover

C(u) - ¢(v) = C(uv).
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Shuffle product LL

We define a product LUl between words on alphabet {xg, x1} which
is distributive over the addition and satisfies the rules

1)Vu, lwu=uwl=u,

2) Yu,v, xju W xjv = x;(u W x;v) + x;(xju LU v).
The Lu-product is commutative and associative. Moreover
C(u) - ¢(v) = C(uwv).
For example

XoX1 LW Xox1 = 2X0(X1 LL XOX1) = 2X0X1(1 L XOX1) + 2XOX0<X1 LL Xl)

= 2xpX1X0X1 + 4X0XoX1X1
implies that ¢(2)% = 2¢(2,2) + 4¢(1, 3).
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Stuffle product =

We define a product # between words on alphabet {y; : i > 1}
which is distributive over the addition and satisfies the rules

H)Vu, lWu=uwl=u,
2) Yu,v, yius yiv = yi(ux yjv) + yi(yiu s v) + yigj(u s v).
The #-product is commutative and associative. Moreover

Ha(u) - H(v) = Ha(uv) and  C(u) - C(v) = ((uv).
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Stuffle product =

We define a product # between words on alphabet {y; : i > 1}
which is distributive over the addition and satisfies the rules

I)Vu, lwu=uwl=u,
2) Yu,v, yjusxyiv = yj(uxyv) + yj(yiu=v) + yipj(u=v).
The #-product is commutative and associative. Moreover
Hn(u) - Ha(v) = Hn(uxv) and  ((u)-¢(v) = ((u=v).
For example
yarys=2yr(Lxys) +ya(l+1) =245 + ya
implies that

Hn(2)? = 2Hn(2,2) + Ha(4) and ((2)* = 2¢(2,2) + ((4).
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How many MZVs of weight w > 2 are there?



How many MZVs of weight w > 2 are there?

d
|{(51,...,sd) e(N*)4 . d>1,5y > 2,25,- = w} =2w2
i=1




Conjectures on MZVs

How many MZVs of weight w > 2 are there?

=2"2

d
‘{(517"'75d)e(N*>d : d>1,5d>2,25,'=W}
i=1

Let 3,, be the Q-vector space generated by the MZVs of weight
w = 2. What is the dimension of 3,7
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Conjectures on MZVs

How many MZVs of weight w > 2 are there?

=2"2

d
‘{(S]_,...,Sd)G(N*)d : d>175d22,25,':W}
i=1

Let 3,, be the Q-vector space generated by the MZVs of weight
w = 2. What is the dimension of 3,7

Dimension Conjecture [Zagier, 1993].
Setdy=1,d1 =0, d» =1 and

dy = dy_o+dy_3 Yw = 3.
Then dim(3,,) = dy, for w > 2.

It is known that dim(3,,) < du, but there is not a single value of
k =5 for which it is known that dim(3,,) > 1.
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34 = <<(4>7 C(la 3)7 <(27 2)7 C(la 17 2)>

The following relations hold:

((2)% = 2¢(2,2) +4¢(1,3),
(2)% = 2¢(2,2) + ¢(4).
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34 = <<(4>7 C(la 3)7 <(27 2)7 C(la 17 2)>

The following relations hold:

((2)% = 2¢(2,2) +4¢(1,3),
(2)% = 2¢(2,2) + ¢(4).

Therefore 3, = (((2,2)):

W) =CL12) = 5C2.2) . C(1.3)=3¢2.2)
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Basis Conjecture [Hoffman, 1997].

3w has a basis consisting of

{C(s) ‘|| = w,s; € {2,3} for i > 1}.

d> =1,
d3 =1,
dy =1,
ds = 2,
d6:27
d7 =3,
d8:47
do =5,

32 = <C(2)>7

33 = <<(3)>7

34 = <<(2? 2)>7

35 = <<(273)7 (372)>

36 = <C(27 2a 2)7 C(?’: 3>>?

37 = <C(2) 2, 3)7 C(zv 3, 2) 4(37 2, )>

38 = <C(27 21 2a 2)7 C(2> 3> 3) 4(37 ) (3 3 2)>7

39 ={((2,2,2,3),¢(2,2,3,2),¢(2,3,2,2),
(€(3,2,2,2),¢(3,3,3)).
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Some of the elements of this basis can be expressed in terms of
ordinary zeta values:

(((2)%) = (172 (f{l( ))

R sm(7rz 723
= (=171 T (Qa+1)0
a+b+1
C{217.3.421%) =2 )] crapC(2r + 1)¢({2}7 0
r=1

where 6.0 = (~1)7 ((,215) = (1= &) (214)):
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Congruences of MHSs

[Wolstenholme, 1862] For every prime p > 5 we have

1 1 1
H,i(l)=1+-+-+4- 4+ ——= 2).
p-1(1) +2+3+ +p—1 0 (mod p?)
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Congruences of MHSs

[Wolstenholme, 1862] For every prime p > 5 we have

1 1 1
Hooi()=14+-+4+——= d p?).
p-1(1) +2+3+ +p—1 0 (mod p?)

[Zhou-Cai, 2007] Let s,d > 1 and w = sd. For every prime
p > w + 2 we have

dS(W+ )P 3 .
—1)———Bp_w—2 (mod p°) if2{w,
Hy1({s}?) = ) 12(vgp+ 2) 2
(1) W] Bp—w-1 (mod p°) if2|w

Remark: by Clausen-von Staudt Theorem, the denominator of By,
is the product of primes p such that p — 1| 2n.
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How many MHVs of weight w > 2 are there?



How many MHVs of weight w > 2 are there?

=2%

d
‘{(sl,...,sd) e d=1) 5 —w}
i=1




Relations for MHSs

How many MHVs of weight w > 2 are there?

'{(51,..., 4) € (N9 125,_W}

Relations for MHSs can be generated by using the stuffle product
and the duality relation:

_2W1

Hp_l(Sl,...,Sd) = 7/{ ksd
1<k <-<kg<p—1 "1

1
N 2 (p—ki)t - (p— kq)*

I<kg<--<ki<p—1

= (—1)‘S|Hp_1<5d,...751) (mod p).
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|dentities involving binomial coefficients

More relations can be obtained by using special binomial identities.
For example, let us consider

Spe X G,

)
k=1 1<i<j<n Y J

Since

(—1)! ('?) _ (P PG 1) _p
J J -1 J

by the above identity , it follows that

(mod p?),

1
Hp-1(2)=p >, =5 =pHp-1(1,2) + pHp—1(3) (mod p?).
1<igj<p-1 ‘I

Hence

Hp—1(2)

Hp_1(1,2) = = Bp_3 (mod p).
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More binomial identities

[Kh. & T. Hessami Pilehrood and Tauraso, 2012]
Let a,b>0,c>2and A, = (— l)k_l(Z)/(”+k) Then

Ha ({27, e (27) 22 k2a+2b+c

44 Z Z nka 123—|—IS)’

k2b+j
i+j+|s|=c k=1
i>1,>2,]s|>0
where d(s) is the depth of s and
1
* [Jp—
Hn(Sl,...,Sd).— Z kslk52 --ksd‘
1<k <ko<--<kg<n 1 d
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Let a,b > 0 and let p be a prime.
Then the following congruences hold modulo p.
i)Forp>w=2a+2b+1,

s _4(=1)*ha—b)(1 - 1/47FP) fw -1
Ho—2(12)7.1.2)%) = (2a+1)(2b+1) < 2a >BP‘W‘

i) For p>w=2a+2b+3,

(—1)7*+b(a — b) <w - 1> B .

Hp-1({2}°,3,{2}") G+Db+1) \2a+1
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Let a,b > 0 and let p be a prime.
Then the following congruences hold modulo p.
i)Forp>w=2a+2b+1,

, _4(=1)*ha—b)(1 - 1/47FP) fw -1
Ho—2(12)7.1.2)%) = (2a+1)(2b+1) < 2a >BP‘W‘

i) For p>w=2a+2b+3,

(—1)7*+b(a — b) <w - 1> B .

Hp-1({2}°,3,{2}") G+Db+1) \2a+1

Moreover, for any prime p > 9,

27
Hp—1(17 17 174) = T6 p—7 (mOd p)a

1889 1,
Hp-1(1,1,1,6) = oag Bpot 55 Bp-3 (mod p).
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Conjectures on MHSs

For n > 2, define the commutative ring
Q(n) :={a/beQ: a/bis reduced and if a prime p|b then p < n},

and the Q(n)-module M(n) :=[],.,Zp.

Let H(s) := (Hp—1(s) (mod p))p=n € M(n) for some n > |s| + 2.
Let $,, be the submodule generated by H(s) of weight |s| = w.
What is the rank of £,,7
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Conjectures on MHSs

For n = 2, define the commutative ring
Q(n):={a/beQ: a/bis reduced and if a prime p|b then p < n},

and the Q(n)-module M(n) :=[],.,Zp.

Let H(s) := (Hp—1(s) (mod p))p>n € M(n) for some n > |s| + 2.
Let $,, be the submodule generated by H(s) of weight |s| = w.
What is the rank of £,,7

Dimension Conjecture [Zagier-Zhao, 2013|.
Setrp=1,n=0, n=0and

rw = rw—o + ry—3 VYw = 3.

Then rank($y) = ry for w > 1.
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Basis Conjecture [Zhao, 2013].

Hw has a basis consisting of

{H(s) Cs| = w,s1 =1,5 =2,s€ {2,3} for i > 3}.

For example,

n=0, $H =<0,

rp = 0, .532 = <0>,

r3 = 1, 533 = <H(1,2)>,

rn=0, $H4=10),

g = ].7 335 = <H<1,2,2)>,

=19 =(H(1,2,3)),

rr=1 $7=_(H(1,2,2,2)),

rg=2, $Hs=<H(1,2,2,3),H(1,2,3,2),H(1,1,1,4)),

ro=2, $9=<(H(1,2,3,3),H(1,2,2,2,2),H(1,1,1,6)),

ro =3, $H10=<H(1,2,2,2,3),H(1,2,2,3,2),H(1,2,3,2,2),
H(1,1,1,1,6),H(2,2,1,4,1)).
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Basis Conjecture [Zhao, 2013].

Hw has a basis consisting of

{H(s) Cs| = w,s1 =1,5 =2,s€ {2,3} for i > 3}.

For example,

n = 0,
rp = 0,
3 = 1,
ry = 0,
rs =1,
re = 1’
rr =1,
rg =2,
= 27
ro = 3,

1 =<0),

2 = <0>7

93 =(H(1,2)),

94 =<0),

N5 = <H<17272)>7

96 = (H(1,2,3)),

7 =<(H(1,2,2,2)),

$Hs =(H(1,2,2,3),H(1,2,3,2)),

$9 =<(H(1,2,3,3),H(1,2,2,2,2)),

$H10 =<(H(1,2,2,2,3), H(1,2,2,3,2),H(1,2,3,2,2),
H(1,1,1,1,6),H(2,2,1,4,1)).
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More examples of series and similar congruences.

The following congruences hold modulo p3, for any prime p > 5,
¢ [Tauraso, 2010]

530 e Ha) e

k=1 . ) k:% i p
S (=Dk 26\ 2 ~ 2k\ " 2 H,-1(1)
;1 i3 (k) =—:¢0), Z:: < > = pp2 :
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More examples of series and similar congruences.

The following congruences hold modulo p3, for any prime p > 5,
¢ [Tauraso, 2010]

LA e B e

k=1 . ) k:% . p
S (=1)k 26\ 2 = 2k\ " 2 H,-1(1)
2 -t L (3) =3

. [Mattarei—Tauraso 2012]
<2k> ~ 2v5In(9)

= 1: L—LpFp 2v5£2(4)
. = 2 5 P,
where ¢ = 1+\[ and £2(x Z 2
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