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Introduction

Ayudadme a comprender lo que os digo,
y os lo explicaré mas despacio.

(ANTONIO MACHADO, Juan de Mairena)

The aim of this thesis is to give a complete exposition of the main topo-
logical and ergodic properties of the expanding maps and provide some new
results about their periodic points sets. I briefly state now the main results
and refer the reader to the introductions of the various Chapters for more
detailed comments.

It is a common practice in topological dynamics to examine the results
of differentiable dynamics and try to establish them in a not necessarly dif-
ferentiable setting. This is the case of the expanding maps, the simplest
example of non-invertible hyperbolic maps. These maps were introduced in
1969 by M. Shub, and subsequently D. Ruelle found a new definition without
the differentiability hypothesis which is sufficient to recover their dynamical
properties.

In Chapter 1 a particular attention has been given to the various equiv-
alent definitions of expanding maps. First we collect their first topological
properties when the domain of the maps is a compact connected metric space.
Any expanding map F is a self-covering with degree N > 2 (when the domain
X contains at least two points). Moreover, the set of fixed points turns out to
be always non-empty and finite, and, the set of periodic points, Perx(F), is
dense in X. Then we investigate the particular case in which the domain X
is a closed topological manifolds M. With this assumption, these maps have
a chaotic behaviour which however can be fruitfully studied exploiting the

Conjugation Theorem, proved by K. Hiraide in 1988. This result says that
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a closed manifold which admits some expanding map is necessarly homeo-
morphic to an infra-nil-manifold M’ i. e. the quotient space N/I", where N
is a connected, simply connected nilpotent Lie group and I' is a cocompact,
torsion free, discrete subgroup of Ke<N with K a compact subgroup of the
group of automorphisms of N. Moreover, any expanding map F of M can be
topologically conjugated to an expanding endomorphism & of M’, that is,
a map induced by an automorphism ¢ of K><N such that ¢(I') C I'. Chap-
ter 1 ends with a comparison between an expanding map of degree N and

one-sided shift on a set of N elements.

Chapter 2 is devoted to the description of a scheme, due essentially to P.
Walters and here adapted to the case of the expanding maps, which provides
normalized invariant measures for an expanding map F. The map F turns
out to be exact with respect to these measures, that is, every set belonging to
the intersection N2, F~*(Bor(M)), where Bor(M) is the set of all borelians
of M, has measure equal to either 0 or 1 (exactness is stronger then ergodic-
ity). By this scheme, based on the transfer operator, we find two remarkable
measures which will be needed subsequently: the invariant measure py with
maximal entropy and, in the differentiable case, the invariant measure pg

that is equivalent to the Lebesgue measure.

In Chapter 3, after a brief exposition of the Nielsen index theory, the set
of periods P(F') of an expanding map F' is investigated; P(F') is the set of all
natural numbers k, for which, there exists at least a periodic point of the map
of period exactly k. The first result whereby P(F') is cofinite, i. e. the set
IN*/P(F) is finite, is established using the invariant measure with maximal
entropy. Thereafter, a closer look is given to the case of flat manifolds. All
elements of this subclass of infra-nil-manifolds (in which case N = R"), are
shown to admit always an expanding map. Using the Conjugation Theorem,
we prove that on a flat manifold, the sets of periods of its expanding maps are
uniformly cofinite. Then, we complete the study of the structure of the set

of periods, started by J. Llibre for the torus up to dimension 3, by showing
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that for a map F' expanding on an infra-torus up to dimension 3, P(F) is
always equal to IN*. A brief discussion on the set of periods of an expanding
map on a nil-manifold is also given.

Chapter 4, faces the problem of finding common fixed points for two com-
muting expanding maps on a nil-manifold. By finding a common homeomor-
phism which conjugates the two maps to two expanding endomorphisms, an
answer is given when the cardinalities of their fixed points sets are relatively
prime. This condition yields also the uniqueness of the common fixed point.
Using these facts, when the domain is a circle, we recover a known result
about the regularity of this homeomorphism.

Chapter 5 is entirely devoted to the differentiable case and to the ex-
tensions of expanding maps from the torus to the polydisc. In the one-
dimensional case, we consider the open disc A bounded by the circle T?,
and, we show that all C''-extensions to A of any expanding map on T' have
always a fixed point in A if this map preserves the orientation, whereas this
is not true in general when the orientation is reversed. Thereafter, given
the torus T" of (real) dimension n, we consider the open n-disc A" of (com-
plex) dimension n of which T™ is the Shilov boundary and we investigate
the holomorphic extension to A" of an expanding map on T", showing that
this extension has a unique fixed point inside A"™. This Chapter ends with
some results concerning the total number of fixed points on the topological
boundary of A™.

I would like to close this introduction with sincere thanks to my advisor
Edoardo Vesentini, who followed the slow growth of this work, providing use-
ful suggestions and continuous encouragement. I am indebted for corrections
and various comments to Marco Abate and Alberto Abbondandolo, who, in
different moments, read drafts of this thesis and helped me to improve it.

My gratitude goes to the Scuola Normale Superiore, that supported me
during my studies and gave me the opportunity to live in a very stimulating

environment (not only for mathematics). Finally, I thank Graziano Gentili
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and the staff of the S.I.S.S.A. of Trieste for the kind hospitality and the

generous grant, which allowed me to complete the writing of this thesis.

Pisa, April 1996 Roberto Tauraso



Topological properties

The expanding maps have been first introduced in a differentiable setting
by M. Shub in [Shl]. Later on, D. Ruelle in [Rue], proposed the following
more general definition. Let X be a topological space. An open continuous
map F': X — X is expanding if there exist a metric d compatible with the
topology of X and costants €y > 0, A > 1 such that for z, 2’ € X

d(z,2") < e implies d(F(z), F(z") > \d(z,2").

The number A is the expanding constant of F' and the set of the expanding
maps on X is denoted by £(X). In this Chapter, we provide a complete
survey of the topological properties of this class of dynamical systems.

First we assume that the set X is a connected compact metrizable space
and we give two equivalent definitions of expanding map. In particular, one
of them is independent of the compatible metric on X. Then we prove that
any F' € £(X) is a self-covering with degree N > 2 when X contains at least
two points. Thanks to the pseudo orbit tracing property we are able to give
a first description of the set of periodic points Perx (F') of a map F' € £(X).
The set of fixed points turns out to be always non-empty and finite, and,
therefore Pery (F') is countable. Moreover, Perx(F) is dense in X.

Then we take the space X as a closed manifold M, i. e. an n-dimensional
connected compact topological manifold without boundary (we will prove
that if M has non-empty boundary then it does not admit any expanding
map). If F € £(M), we will manage to find a compatible metric d on the
universal covering M with respect to which a lifting F of F is an expanding
homeomorphism of M and the elements of D(./W /M) are isometries. These
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facts imply that the set of points of M, which have dense orbits for F', is
dense whereas this is not true, in general, when X is only a metric space.
Thus expanding maps are chaotic according to the definition of Devaney (see
for example [BBCDS]).

The first step towards the classification of expanding maps is that each
F € &(M) is characterized by the homomorphism F* induced by F on
D(M/M). More precisely, two expanding maps F € E(M), & € EM’)
are topologically conjugate, i. e. ago F' = ® o o for a homeomorphism
ap : M — M, if there is an isomorphism ¢ : D(M/M) — DM’/ M)
such that ¢ o F¥ = & 04). In particular, two homotopic expanding maps are
topologically conjugate.

Moreover, we prove, the following preparatory results: if a closed manifold
M admits an expanding map, then, M is aspherical, i. e. the homotopy
groups m;(M) = 0 for i > 2, and, the group D(M/M) is torsion free and
has polynomial growth. Then, we introduce for a smooth closed manifold M
the subclass of expanding maps which correspond to the original definition
of M. Shub. A Cl-map F : M — M is called differentiably expanding if
there are a compatible riemannian metric || - || on 7'M and a constant A > 1

such that at any point x € M
(D F)v|| > N|v|| Yo e T, M.

The set of the differentiably expanding maps on M is denoted by EY(M).
Afterwards, we draw our attention to a special class of riemannian closed
manifold, called infra-nil-manifolds. If K is a compact subgroup of the group
of automorphisms of a connected, simply connected nilpotent Lie group N and
I' is a cocompact, torsion free, discrete subgroup of Ke<N then the quotient
space M’ = N/I' is, by definition, an infra-nil-manifold; the finite group
U =T/(I'n({I}><N)) is the holonomy group of the manifold. The universal
covering M’ of M’ is N and T' = D(M’'/M’) ~ 7 (M’). A map & : M’ —
M’ is called an endomorphism of M’ if it is induced by an automorphism ¢ of
K><N such that ¢(T") C T'. Moreover it belongs to (M) iff the differential
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of @ at the identity element of N has all the eigenvalues greater than one in
absolute value.

Then we arrive to the Conjugation Theorem proved by K. Hiraide in
[Hiral], which says that if F' € £(M), there exist an infra-nil-manifold M’
and an endomorphism ® € &£'(M’) such that F' and ® are topologically
conjugate. The Chapter ends with a comparison between an expanding map

of degree N and one-sided shift on a set of N elements.

§1.1 Self-covering maps.

Let X be a topological space. A continuous surjection F' : X — X is
called a self-covering map if, for y € X, there exists an open neighborhood
V, of y such that

FY(V,) = U U
i€

where {U; }cz is a family of mutually disjoint open sets, and Fjy, : U; — V,, is
a homeomorphism. A continuous map F': X — X is a local homeomorphism
if, for € X, there is an open neighborhood U, of z such that F'(U,) is open
and Fly, : U, — F(U,) is a homeomorphism. It is clear that every covering
map is a local homeomorphism.

The following theorem shows that adding some hypotheses on the space

X, also the converse is true.

Theorem 1.1.1 [Ei] Let (X,d) be a compact connected metric space and
F: X — X be a continuous map. If ' is a local homeomorphism, then F
1s @ N-to-1 map with N > 1 and there exist two positive costants 1y and pg
such that, if D C X with diam(D) < ny then:

(a) F~1(D) = UL, Di;

(b) F maps each D; homeomorphically onto D;

(c) if i # i’ then d(D;, Dyr) > po;

(d) for all € > 0 there exists a positive number n(e) < ny such that

diam(D) < n(e) implies diam(D;) <e€ for i=1...N.
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Hence, F' is a self-covering map.

Proof. Since F' is continuous and X is a compact metric space, F'(X) is closed
in X. Moreover F'(X) is also open in X because F' is a local homeomorphism;
since X is connected then F(X) = X, i. e. F is surjective.

Now, we first prove that there exists py > 0 such that
if v # y and F(z) = F(y) then d(x,y) > 2po. (1)

If this is not true, then for all £k > 1 there exist xy, yr in X such that
xr, # Yi, Flzx) = F(yr) and d(zg, yx) < . Since X is compact we can
assume that xy, — = and y — y as k — oo, then = y. Since F' is a
local homeomorphism, there exists an open neighborhood U, of = such that
F(Uy,)is open and Fy, : U, — F(U,) is a homeomorphism. This means
that, for sufficiently large k, xy,yr € U, and F(xy) = F(y;). This is a
contradiction.

Let 7 > 1 and define the set
X; E {y € X s card(F'(y)) = j}.

Then X; N X; = () whenever j # j'. Moreover, by (1), since X is compact
and F' is surjective, X = ;> Xj.

Next, we prove that each X; is open. Thus, since X is connected, there
exists an integer N > 1 such that X = Xy. If y € X, then F~'(y) =
{z1,---,x;}. We can choose open neighborhoods U,, of z; for i =1,...,j
such that F"Uxi is a homeomorphism and U,, N U,, = 0 if i #£4'. Tt is clear
that .

y € ﬁ F(U,,) c |JX..
i=1 i>j

We claim that (Y, F(U,,) contains a neighborhood V of y such that
y € X;. In fact, if this is false, for all £ > 1 there is y;, € N, F(U,,) for
which

d(y, yx) S% and yp € J Xi

i>j+1
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Then F~yx) = {@k1, ' Thj, Thjr1, - -} with ap; € Uy, and ., — x; as
n—oofori=1,---,7.

Since X is compact we can assume that also the sequence {xj ji1}r>1
converges, say to ;1. Moreover x4 is different from z; foreachi =1,---, 7,
because, by (1), d(xy i1, Tk:) > 2po for all k > 1. But F(x;) = y for each
i=1,---,7+1, hence y € U;>;4+1 X;. This is a contradiction.

Since X is compact and F' is a local homeomorphism, we can choose a
finite open cover U = {Uy, - -+, Uy} satisfying, for m =1,---, M:

i) F(U,,) is open,

ii) F:U,, — F(U,,) is injective,

iii) diam(U,,) < 2.

Let y € X and define

V(y) € n{F(U,) :y € F(U,) for some U,, € U};

then V(y) is an open neighborhood of y. Since X is compact, we can find
another finite open cover V ={V(y1),---,V(u)}.

(a) Let 79 > 0 be a Lebesgue number of the open cover V and let D C X
be such that diam(D) < ny. Thus D C V(y) for some y € {y;,---,y} and
F~Y(y) = {x1, -, xn} with each z; € U,,, for some U,,, € U.

Notice that, by ii), F'~*(y) N U,,, = z;. We now define D; = U,,,, NF (D)
fori=1,---, N; thus

F(D;) = F(U,, NF YD) c F(U,)ND=D. (2)

Moreover, if z € D, there exists some = € U,,, such that z = F(x) and
z=F(x) € F(Un, NF(2)) C F(Uy,)NF (D)) = F(D;).

Together with (2), we have proved that F/(D;) =D fori=1,---, N.
(b) Since for i = 1,---,N, D; C U,,, and D = F(D;) C F(U,,), by ii)

we obtain that F' maps D; homeomorphically onto D.
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(c) If i # ¢, then, by iii) and (1),
. . Po  Po
d(D;, Dy) > d(x;, xy) — diam(Up, ) — diam (U, ) > 2po — 5 Ty =

(d) Let ¢ > 0. By ii) we can define, for m = 1,..., M, the inverse
functions of F]Um, G F(U,) — U,,. Since each G,, is continuous on the
compact set F'(U,,), it is also uniformly continuous: there exists d,, > 0 such
that

d(z,z") <6, implies d(G,,(z),Gn(2')) < e

Let 7n(e) o min{d,...,0n, M0} and take D C X such that diam(D) <
n(e). Then, by (a), D; = U,,, N F~Y(D). For y,y’ € D; then F(y),F(y') €
F(Up,) N D and d(F(y), F(y')) < n(e). Therefore

Q.E.D.

§1.2 Expanding maps: definition and first properties.
Let X be a topological space.

Definition 1.2.1 An open continuous map F': X — X is expanding if there
exist a metric d compatible with the topology of X and constants ¢, > 0,
A > 1 such that for z,2' € X

d(z,z') < ¢ implies d(F(z), F(x')) > \d(z,2). (3)

The number A is the expanding constant of F' and we will denote by £(X)
the set of all maps expanding on X.

Remark 1.2.2 Note that the definition, due to D. Ruelle (see [Rue]), is
invariant by topological conjugation, that is, if /' € £(X) and h : X — Y
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is a homeomorphism, then the map G o Fohis expanding on the
topological space Y.

In fact, d'(-,-) & d(h='(-),h"2(-)) is a metric on Y and if y,y' € YV with
d'(y,y") = d(h"(y),h"'(y')) < € then

d(G(y), G(y)) = d(F(h™ (), F(h~'(y))) = Md(h™(y), b (y)) = Ad' (4, %)
Therefore G € £(Y') with the same expanding constant of F.
From now on we assume that X is a connected, compact and metrizable.

Proposition 1.2.3 [CoRe] Let F': X — X be an open continuous map and
let k> 1. Then F € E(X) iff F* € £(X).

Proof. Assume that F' € £(X). Since F' is uniformly continuous on X, there
exists a 0 > 0 such that fori =1,... k

d(x,2') <§ implies d(F'(z), F'(2')) < .

Let ¢ ' min{d,¢0} > 0 and X & A > 1. Then applying k times (3) we

find that F* € £(X) with costants €}, ' and the same metric d.
Now, assume that F¥ € £(X). Let X' % A% and define the compatible

metric on X

k-1
. 1 .
d(z,2') €Y —d(F'(z), Fi(z')) Va2’ € X.
=0
Then F' € £(X) with costants €y, \ and the metric d'. Q.E.D.

The following theorem gives two equivalent definitions of the expanding
property. We will need the Frink’s metrization lemma, whose proof can be
found in [Ke| p. 185.

Lemma 1.2.4 [Ke| Let X be a compact space. If there is a nested sequence
{Uk}k>0 of open symmetric neighborhoods of the diagonal set Ax def {(z,x) :
r € X} of X x X such that:
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i) Up=X x X, Mp>oUx = Ax;
ii)l Ugr1 0 U1 0Upyy CUg for k> 1.

Then there is a compatible metric d for X such that, for k > 1

1
U C {(x,2') : d(x,2') < ?} C Up-1.

Theorem 1.2.5 [Re] If F: X — X is an open continuous map, the follow-
ing statements are equivalent:
(a) F is expanding;

(b) F is locally expansive: there exist a compatible metric d' for X and
a constant €, > 0 such that, for x,2" € X,

0<d(x,2') <e implies d(F(x),F(z'))>d(z,z');

(c) F is positively expansive: there ezist a compatible metric d” for X
and a constant ¢ > 0 such that

x # ' implies Ik >0 such that d"(F*(z), F*(2')) > ¢
Proof. It is obvious that (a) implies (b) with d’ o
prove that (b) implies () with d” % @ and ¢ % €)-

= d and ¢ & ¢y, Now, we
Let x # 2’ and assume that

d(FF(z), F*(")) < ¢y Vk>0.
Define the map h = F x F, and let S & {r*(z, 2’

Let (xg, z}) be a point in the compact set S at which the continuous map d
attains its maximum. Then

k>0} CXxX.

€y > d'(xg,xp) > d'(z,2") >0

Since F is locally expansive and h(S) C S we have

d'(zo, 20) < d'(F(x0), F(x0)) < d'(wo, 7(),

f U, V are two subsets of X x X then (z,2') € U oV iff there exists y € X such that
(x,y) € U and (y,z’) € V. It is easy to verify that the operation ¢ is associative.
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hence a contradiction.

Now, suppose that F' is positively expansive. Let 1 ' X x X and

Ve @ {(z, 7)) : d"(Fi(z), Fi(2) < ¢, 0< i< k}.

The sequence {Vj}i>o is a nested sequence of symmetric neighborhoods of
the diagonal set Ax = {(z,z) : x € X}. Since F is positively expansive,
N oV = Ax.

Let § > 0 be such that B%, y(Ax,0) C Vi. Since X is compact, there
exists kg such that

1
Visk C Bxyx(Ax, 55)

Let U ' X x X and for k > 1, U, def Vit (k—1)ko- The sequence {Up}i>o
satisfies the hypotheses of the Frink’s metrization lemma. In fact, it suffices
to prove that the relation ii) holds. It holds by costruction for k = 0, 1.

Let (x,2") € Ugy1 © Ugy1 © Uy for k > 2. Then there exist points y and
z such that (z,v), (y, z) and (z,2") belong to Uy.

Let h & F x F', then

h(Vig1) = Vi (V1) VE > 0.
Thus, for 0 < i < (k — 1)ko,
R ((z,2") € R (Upt1) © B (Upg1) © B (Ups1) C Vigrkg—i © Vidrko—i © Vitkko—i-
Since Viykko—i C Vigr, = Us, then

R ((z,2")) € Uy o Uy o Uy C U

Therefore, by the definition of Uy, d"(Fi(z), Fi(z')) < cfor 0 <i < (k—1)kg
and thus (z,2") € Vigg—1r, = Us.

By the Frink’s metrization lemma, there exists a compatible metric d for
X such that

1
U CH{(z,2') : d(z,2) < 2—k} C Uy fork >1. (4)
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Suppose that 0 < d(z,2') < 3% Then, by the latter inclusions, there exists
k > 3 such that (x,2’) € Ugy1 \ Ugt2. Then

1 1

Moreover, since (z,2") € Uyt \ Up2 = Vi — Vig(bt+1)ko» there exists i such
that
kko < i < (k+ 1)k and d"(F'(x), F'(z))) > c.

Let (y,y') = (F3%(x), F3%(z')). Then
d'(F'=0(y), F0(y')) = d"(F'(x), F'(2)) > ¢,

and therefore (y,vy') € Viga—2k, = Uir—1 because 1 + (k — 2)ko > i — 3k.
Hence, by (4) and (5),

1
d(F3(z), F3% (1)) > o > 2d(z, '),

that is F3* € £(X). By Proposition 1.2.3 also F' € £(X). Q.E.D.

Remark 1.2.6 Note that, since X is compact, the definition of positively
expansive map is independent of the compatible metric for X. This fact can

be very useful, if we want to check that an open continuous map is expanding.

Theorem 1.2.7 [AoHi] Any F € £(X) is a self-covering map with degree
N > 1, and there ezists 0 < €; < €y such that, if D C X with diam(D) < ¢,
then, for all k > 1,

(o) FH(D) = UL, DY;

(b) F¥ maps each Di(k) homeomorphically onto D;

(c) diam(ng)) < & fori=1...N*

Moreover, N =1 iff X consists of one point.

Proof. Since F is open and, by (3), is locally injective, then it is a local
homeomorphism. Therefore, by Theorem 1.1.1, F' is a self-covering map
with degree N > 1.
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Moreover, by the same theorem there is a positive number 7; < 1y such
that, if a set D has diam(D) < n;, then diam(Dfl)) < ¢p for each component
Dfl) of F7Y(D). Let ¢ o min{n, g} and assume that diam(D) < ¢;. By

(3),if y,y € Di(l), then

e1 > d(F(y), F(y')) > M(y, )

and therefore, diam(DZ(l)) < §. Since A > 1, we can use the same argument

for each D! instead of D and continuing in this fashion we prove (a), (b)
and (c).

Now, assume that F'is a homeomorphism and define the sets
ST P k>0} and ST Y {FF . k>0
If d(z,2') < € then letting D & {z,2'}, by the above arguments,

_ _ €1
d(F~*z, F~*2)) < e

Therefore S~ is uniformly equi-continuous. Since X is compact, by Ascoli’s
theorem S~ is totally bounded in C(X, X)) with respect to the sup-metric d.

Define the map ¢ : S~ — St by o(F %) = F¥ for k > 0. Then ¢ is a
cZ—isometry: in fact, for k, k' > 0,

A(F*, F¥)=sup{d(F*(x), F* ()} = sup {d(F~* (@), F~(x))} =d(F~*, ).

zeX zeFk+F (X)

Therefore, also ST is totally bounded and, again by Ascoli’s theorem, ST is

uniformly equi-continuous. So, there is a § > 0 such that
d(x,2") <& implies d(F*(x), F*(2')) <ey  Vk >0,
and by (3) this means
€0 > d(F*z, FF2') < Med(x, 2).

Since A > 1, X consists of isolated points and X is reduced to one point

because X is connected. Q.E.D.
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Definition 1.2.8 Given § > 0, a d-pseudo orbit of amap F': X — X is a
sequence {xy}r>o such that d(F(zy), zg1) < 6 for k > 0.

The map F' has the pseudo orbit tracing property (abbreviated P.O.T.P.)
if, for any ¢ > 0, there is 6 > 0 such that for every d-pseudo orbit of F,
{x} x>0 can be e-traced by some point z € X, i. e. d(FF(z),z;) < € for
k> 0.

Theorem 1.2.9 [AoHi] Any F € £(X) has the P.O.T.P..

Proof. Assuming that 0 < € < ¢, since F' is uniformly continuous, we can
choose ¢ such that

0< 5% <€ and B(F(IL‘),(S%) C F(B(z,¢e)) VzeX.

If {zx}r>0 is a d-pseudo orbit of F, fix k£ > 1 and let 20 = g,
Since A > 1 then

2O € B(F(zp1),0) C B(F(z_1), 5%) C F(B(zy1,6),

and there exists () € B(zj_1, €) such that F(z) = 2.
Moreover, by (3),

VAN

d(zV, F(z_5)) d(zW, z5_1) 4+ d(z—1, F(z_2))

Lz Fwp) + (s, o) < 35 +1)

IA

Hence,

2 € B(F(xy_s), 5(% 1)) C B(F(z_s), 5%) C F(B(tpa,€)),

and, as before, we can choose 22 € B(x;_o,€) such that F(z?) = 2.
In this way at the k-th step we find z = 2*) € X such that

d(F'(z), z;) = d(x(k_i),xi) <e€ fori=0,...k.

Since k is arbitrary, we can immediatly conclude the proof by contradiction.
Q.E.D.
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Theorem 1.2.10 [Sa] If F' € £(X) then:
(a) the set of fixed points of ' on X,

Fixx(F) ¥ {z e X : F(z) =z},

1s non-empty and finite;
(b) the set of periodic points of F' on X,
Pery (F) < | Fixy (F*)
k>1

1s countable and dense in X.

Proof. (a) Assume that F' has infinite fixed points. Since X is compact,
there exists a sequence of distinct fixed points {xy }x>o converging to a fixed

point y. By (3), when d(z,y) < €y then

Hence x;, = y for infinite k, that is a contradiction.

Now we prove that there exists at least one fixed point.

Let V be a cover of X consisting of a number m > 1 of open sets whose
diameter is less than ¢;. Take xy € X: if F(xg) = xy, then we have a
fixed point. Otherwise, since X is connected, there is a chain of open sets
{Vi i =1,....m'} C Vwith 1 <m' < m from F(zq) to zo, that is,
F(xo) € Vo, 29 € Vyw and VNV # P for i =0,...,m' — 1.

Now, by Theorem 1.2.7, if V' is an open set such that diam(V) < ¢
and y € F~YV) then there is a unique open set W such that y € W,
diam(W) < S and W is mapped homeomorphically onto V. Applying this
result, we can construct a new chain {V! : ¢ = 1,...,m'} from zy to
1 € F7Y(xy) choosing each V! in F~1(V;). Next, we lift this chain to a
chain from x; to 22 € F~ ().

Continuing this construction inductively we obtain a sequence {zj}r>o
such that if & > k' then
1 me

1
d(l‘k,l‘k/) < (—++W)m/€1 < F)\—l
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Thus {zy}r>0 is a Cauchy sequence which converges to some y € X,

because X is compact. Since F(zy) = x_1 for k > 1, then
) = Pl o) = i Fioy) = fim o=

(b) Since also F* € £(X), then, by (a), Fixx(F") is finite for all & > 0.
Therefore the set of periodic points is countable.

By Theorem 1.2.5, F' is positively expansive with some constant ¢ > 0.
Now, we show that whenever 0 < r < %c and for each zo € X, thereis k > 1
such that F* has a fixed point in B(xq, 7).

Choose 0 > 0 corresponding to € = r in the definition of P.O.T.P., and
take k > 1 such that 6\* > me;, where m is the cardinality of the finite open
cover V of (a).

If F*(xq) # w0, following the procedure described in (a), we can costruct
a set of points {zg, 1, ..., Tx_1} such that x; € F~Y(z;_1) fori=1,...,k—1
and the k-th chain goes from F'(zy) to zx_;. Therefore

€
d(zp1, F(x)) < mA—; <4

Hence, {xo, zx_1, k2, ..., 21,20, Tg_1 ...} is a d-pseudo orbit. Since, by
Theorem 1.2.9, F' has P.O.P.T., there exists a r-tracing point y € B(zg, 7).
Clearly also the point F*(y) is r-tracing.

Therefore d(F™(y), F™(F*(y)) < 2r < ¢ for all m > 0 and, since F is
positively expansive with constant ¢, this implies that F*(y) = y. Q.E.D.

§1.3 Expanding maps on closed manifolds.

Let M be an n-dimensional connected compact topological manifold with
boundary 9M.

Theorem 1.3.1 [Hira2] If E(M) # 0 then OM = 0.
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Proof. Let F' € £(M) then F(M \ OM) C M\ OM because F' is a local
homeomorphism. Let x € M and let 0 < r < 5. We denote by B.(z,r) the

connected component of x in B(z,r) then
B.(z,r) C M\ OM implies F(B.(xz,r)) D B.(F(xz),Ar). (6)

In fact, assume y € B.(F(x),Ar) \ F(B.(z,r)). Let 0 : [0,1] = B.(F(x), Ar)
be a path joining 0(0) = F(x) and o(1) = y. Since o(0) € F(B.(x,r)) and
F(B.(x,r)) is open, there is 0 < ¢y < 1 such that o([0,¢[) C F(B.(x,r)) and
o(to) ¢ F(B.(x,7)). By the choice of 7, the map Fjz7— is a homeomorphism
and, since o([0,to]) C F(B.(z,7)) = F(B.(x,r)), there is a path & : [0, ty] —
B.(z,7) such that F o5 = 0. Hence, 6(ty) € B.(z,7). On the other hand,
since o(ty) € B.(F(z), Ar), we have Ad(6(to),z) < d(o(ty), F(x)) < Ae, that
is a(ty) € B.(x,r), thus a contradiction.

Now, we define for » > 0 the following set
M(r)={x e M\OM : B.(x,r) C M\ IM}.

Since OM is a closed proper subset of M, there is 0 < ry < 5 such that

M(rg) # 0. By (6), F(M(rq)) C M(Arg) and it is easy to check that for
I<a<A

F(M(ro)) € F(M(rg)) € M(Nrg) € M(aro) € M(ro). (7)

The set ¥ & Nikso F¥(M(ro)) is the intersection of a nested sequence of
compact sets, therefore Y C M(rg) is a non-empty closed set such that
fY)y=Y.

For r > 0, define the set Y(r) = Uyey B.(y,7). Let y € Y and let
x € B(y, (@ —1)rg) for 1 < a < A. Then B.(z,79) C B.(y,ary) and, since
by (7) Y C M(ary), we have that B.(y,ary) € M\ OM and therefore
x € M(rg). Hence Y ((a — 1)rg) C M(rp) and, since F(Y) =Y,

Y o ) F*Y ((a = 1)ro)) € () F¥(M(ro)) =Y. (8)

k>0 k>0
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By (6),ify € Y then F(B.(y, (a—1)ry)) D B.(F(y), A(a«—1)r) and therefore
FY((a—=1)ro)) DY (Ma—1)ro) DY ((a— 1)rp).

Then, by (8), Y = Y ((a — 1)ry)), that is Y is open. Therefore ¥ = M
because M is connected, and, since Y C M(ry) C M \ OM, the boundary
OM is empty. Q.E.D.

So, let M be a closed manifold, i. e. an n-dimensional connected compact
topological manifold without boundary. We will denote by M the universal
covering space of M and let 7 : M — M be the covering map. We denote by
D(./q /M) the deck transformation group i. e. the set of all homeomorphisms
¥ of M such that TOoy=T.

Given a continuous map F': M — M, a lifting of F' is a continuous map

F : M — M such that the following diagram commutes:

M oM
Tl lm.
M oM

There is always a lifting F of F, and all other liftings have the form ~ o F
with € D(M/M). Moreover F induces a homomorphism F* of the group
D(M /M) such that

Foy=F!y)oF VYyeDM/M).

An open connected ¢ € M will be called a covering domain if C is
compact and 7(C') = M.

Remark 1.3.2 Since M is simply connected, D(M /M) is isomorphic to
the fundamental group m(M,xy) for all zp € M. More precisely, for
[s] € m(M,x0) then there is a unique v € D(M/M) such that, given a
representative s : [0,1] — M of [s], 5(1) = ¥(8(0)) for any lifting § of s.
Therefore, if v € D(M /M) and v(y) = y for some y € M then v = e where
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¢ is the identity element of D(M/M). Moreover, D(M /M) is finitely gen-

erated because M is compact.

Theorem 1.3.3 [CoRe| Let F' € E(M). Then the following statements hold:
(a) there exists a complete compatible metric d on the covering space M
such that

d(y,y) = d(n(y), 7(y)) when d(r(y),7(y)) < e for y.y € M,

and each v € D(MJM) is a d-isometry;
(b) each lifting F is an expanding homeomorphism OfM and

d(F(y), F(y) = M(y,y/)  Vy,y € M 9)
hence F~' is a contraction map and has a unique fixed point.

Proof. (a) The metric d is defined as follows: for all y, 1/ € M let
dly,y) = inf{3_d(m(yo), m(i1)}
=0

where the infimum is taken over all the €;-chains from y to 3/, i. e. the finite
sets {Yo, Y1, - - -, Ym } such that yo =y, vy = ¢ and d(7(y;), 7(yir1)) < € for
i=0,....,m—1.

The set of (y,y’) for which there exists at least a chain is non-empty,
open and closed in the connected space M x M. Therefore d is finite. By

standard arguments, we can show that d is a metric. Note that

d(r(y),7(y)) <d(y.y) Vy,y € M

and the equality holds if d(7(y), 7(y’)) < €. Therefore, since d is complete
and compatible with respect to the topology of M, also the metric d is
complete and it is compatible with respect to the topology of M.

Each v € D(M/M) is a d-isometry because m = 7 o 7.
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(b) By Theorem 1.2.7, F' is a self-covering map of M. Thus For is a
covering map from M to M. Since M is the universal covering space, the
covering maps 7 and F o7 are equivalent, i. e. there is a homeomorphism h
of M such that F or = moh. Hence h is a lifting of F' and this means that
all the liftings of F' are homeomorphisms M.

Let v,y € M and choose a L-chain {yo,y1, ..., Ym} from F(y) to F(y)
then {F Y (y0), F"Y(y1),..., F " (ym)} is a chain from y to y'. In fact, for
i=0,...,m—1by (c) of Theorem 1.2.7,

A (F~ () 7 (F (i) < -

Therefore, by (3) ,

d(F (r(F~ (y:))), F(n(F~ (1)) = M(m(F~ (), 7(F~ (yira)).

Since F(m(F~'(y;))) = 7(y;), summing over i we obtain

m—1

Z A (y:), 7(yis1)) = Ad(y, y/).

Then taking the infimum over the chains from F(y) to F(y') we have (9).
Q.E.D.

The previous theorem yields the following properties:

Proposition 1.3.4 [Shl] If F' € E(M) then

(a) if r > 0, there exists an integer k, > 0 such that F* (B(x,r)) = M
for all x € M;

(b) the set Upso F () is a dense in M for all x € M;

(c) the set

Dop(F) & {z € M : {F*2)}iso is dense in M}

is dense in M;

(d) the Euler characteristic x(M) = 0.
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Proof. (a) We can assume that r < €. Let C' be a covering domain and
take k, > 0 such that A\*r > diam(C). Let y € C N7 !(z) then, by (a)
of Theorem 1.3.3, B(y,r) C m Y(B(x,r)). Take v € D(M/M) such that
F*(y) € 4(C). Thus, by (b) of Theorem 1.3.3,

E*(B(y,r)) > B(F* (y), A1) 2 4(0). (10)
Therefore the proof is complete because by (10)

F*(B(z,r)) > Fr(a(z ' (B(z,r)))) = 7(F*(B(y,r))
> w(y(C)) =7(C) =M.

(b) If V is an open subset of M then, by (a), Upso F*(V) = M.

If z € M then there exists kg > 0 such that z € F*(V), that is, F =% (z)N
V # 0. Thus Ugso F~*(x) is dense in M.

(c) If {Vi}i>1 is a countable base of open sets for the topology on M then

Dou(F) = (U F*(Va)).

i=1 k=

Let U C M be a non-empty open set. Then

Dom(F)NU = (U; with U; = |J F*(V;) nU.
i=1 k=0
If U’ is an open subset of U then, by (a), F*(U’) NV, # 0 for some k > 0;
therefore .
UnU = F*V)nU #0.
k=0

Hence, Doy (F)NU is the intersection of a countable collection of non-empty
open sets U; which are dense in U.

Since U is compact, it is a complete metric space and by Baire theorem,
Do (F) N M is non-empty.

(d) Since F'is a self-covering of M with degree N > 2, then xy(M) =
Nx(M) and therefore xy(M) = 0. Q.E.D.
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Remark 1.3.5 The previous proposition and Theorem 1.2.10 imply that
the expanding maps are chaotic according to the definition of Devaney (see
[BBCDS)). In fact, F' € £(M) implies that the continuous map F' has the
following two properties:

(a) the map F' is one-sided topologically transitive, i. e. there exists a
point z € M whose forward orbit { F*(x)}>¢ is dense in M;

(b) the set Perp(F) is dense in M.

Note that, if X is any compact, connected, metrizable space, then there
exist expanding maps which are not chaotic.

Infact let T, € {zeC : |2=1=1},T ¥ {zeC : |z+1 =1}
and X & T1 UT_; and define the map

at [ —(z—12+1 ifz€T
Fz) = { (z+12-1 ifzeT,
Therefore, F' € £(X) because Fr, € E(T;) for i =1, —1 and F(0) = 0. Since

F(T;) =T, for i = 1,—1, there is no x € X whose forward orbit is dense in

X.

Let M, M’ be two closed manifolds. If ¢ : D(M /M) — D(M'/ M) is a
homomorphism, we denote by S, the set of all continuous maps & : M= M

which are liftings of continuous maps o : M — M’ such that &% = 1.

Theorem 1.3.6 [Shl] Let F € E(M), & € EM’) and ¢ : D(M/M) —
D(M' /M) be a isomorphism. If o F* = & o4, then there exists a unique
ap € Sy such that

do o} F = EIV) 9} do.
Moreover, ag : M — M’ is a homeomorphism and F and ® are topologically

conjugate: ago F'= P o qp.

Proof. Assume that ® is expanding with respect to the metric d on M’
Then, by Theorem 1.3.3, there is a metric d’ on M’ for which the elements
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of D(M'/M') are isometries and &~ is a ﬁ—contraction map, where A\ > 1

is the expanding constant of ®. Now, define the map D : Sy x Sy — R™:

D(a,5) < sup{d(aly), B(y)}  Va.f e S,

yeM

To prove that the map D is a distance, it suffices to show that D is finite
on Sy. Let C be a covering domain of M and take a,p e Sy. Ify € ./\7,
then there exists v € D(M /M) such that v(y) € C. Thus, since 1(v) is a

d’-isometry,

d'(a(y), By)) = d ((7)(@(y), v(1)(Bw))) = d(a(v(y)), B(v(y))),

and D(a, f) = supyeg{(j’(&(y), B(y))} < 400 because C is compact.

The distance D is complete: if {&;} is a Cauchy sequence in S, then &;
converges to a continuous map &. Moreover, if v € D(M /M) then, since
qG;oy=1Y(y)oa; foralli>1 also doy=19(y)oa,i e o€ Sy.

For & € S, define F(@) = ®'odao F. Now we prove that F is a
contraction map in S, with respect to the distance D. Thus, since D is

complete, F has a unique fixed point &g € S, such that
ONZQ O ﬁ = (I) o) do.
First we prove that F(Sy) C Sy. In fact, let v € D(M/M). Then

F(a)oy = &)*lo&oﬁ’oyziflo&oﬁﬁ@)oﬁ’
= O loy(F¥(y))odoF
= (@7HW(FH(7)))od odo F
= () o F(a)

because, by hypothesis, ¢ o Ft=dfo .
The map F is a contraction:

D(F(a), F()) = sup{d(®'odoF(y),d ' oo F(y))}
yeM
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< Lsw{d(ao Fly). 5o Fy)}
q’yEM
< i;s%{d%a(ym(y»} < i”d’@'

Now, changing the role of F' and ®, we can find in the same way a map
&y € Sy-1 such that:
6{1 e} EIV) = F s} dl.
Hence

(doo&l)oé:doOﬁdel :(50(6(006[1)

(d1oag)o F=a0Poay=Fo(aoda)
Now, ag o &y € Sy and &y o &y € Spq where Id and Id" are the identity
automorphisms respectively of D(M /M) and D(M’'/M'). By the first part

of the proof, the equations
God=Poa and GoF =Foa

have a unique solution respectively in Sy and Spq. Thus qp o ay = Id’,
ai oy = Id and ay : M= M is a homeomorphism. To verify that also
g is a homeomorphism it suffices to show that g is injective. In fact, let
11,13 € M be such that ag(z;) = ag(zs) and let y; € 7 (z;) for i = 1,2.
Thus, there exists 7/ € D(M’/M') such that v/ (Go(y1)) = do(y2). Since ¥ is
an isomorphism, if v = ¢~1(+'), then

ao(v(y1)) = v() (oY1) = v (Go(y1)) = aolya),

that is 1 = 7(y1) = 7(y(y1)) = 7(y2) = z2. Moreover, the following equali-
ties hold

aqolForm=moaqpoF =noPoay=Poaqyom.

Q.E.D.

Remark 1.3.7 In the previous theorem, if ® : M’ — M’ is a continuous
map, without assuming it to be expanding, then, there exists a continuous

surjective map a; € Sy-1 such that: a; o d=Fo a;.
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Corollary 1.3.8 [Shl] Let F,® € E(M). If F' and ® are homotopic, then
they are topologically conjugate.

Proof. By the previous theorem it is enough to show that it is possible to
choose two liftings F and ® such that F* = ®f. Let zyp € M and yo € 7 (z0).
Since F' and ® are homotopic, there is a path s : [0,1] = M from F(zg) to
O (z) such that

Fy([o]) = s x O4([o]) * st Vo] € m(M, x0) (11)

where F} and ®; are the homomorphism induced respectively by F' and ® on
T (M, x0) (see for example [Sp] p. 52). Let F be a lifting of F' and take the
lifting 5, such that §;(0) = F(y), and the lifting ® such that ® (1) = 5;(1).

Now we show that this is a good choice of liftings for our purpose. If
v € D(M/M) ~ w1 (M, xg), then there is a closed path ¢ at o such that
(1) = v(¢(0)) for all liftings 6. Let &y be the lifting starting from y, and
define 55 = CIDﬁ(fy) o §1, another lifting of s,.

By (11), the paths F(o) and s ®y(0) x s~ are homotopic and the paths
F o5y and 5 % ® o 5y * 5, are their liftings. These liftings have the same
starting point ﬁ’(yo) and, by the monodromy theorem, they must have also

the same ending point. Hence

{ (Fo60)(1) = F(v(y0)) = F*(7)(F(y0)) .
(Brx® oy *3,")(1) = 51 (1) = 32(0) = P*(7)(F(yo))

and thus, by Remark 1.3.2, F¥(v) = ®#(y). QE.D.
§1.4 Conjugation to infra-nil-manifold endomorphisms.

Theorem 1.4.1 [Shl] If E(M) # 0 then:
(a) M is aspherical, that is the homotopy groups w;(M) =0 fori > 2;
(b) D(M/M) is torsion free, i. e. v* = e, for some v € D(M/M) and
k > 1, implies v = e.
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Proof. (a) Since M is the universal covering of M then m;(M) ~ m;(M) for

i > 2. Therefore it suffices to prove that the homotopy groups m;(M) = 0
for all i > 1. By (9), for all k > 0 and r > 0

F*(B(y,r)) D B(F*(y), \'r). (12)

Let D™ be the closed unit disk of R" and take an embedding j : D" — M
such that j(0) = yo, the unique fixed point of F. Let W = F*(j(D")) for
k > 1 then, by (12), it follows immediatly that

WkCWk+1 Vk >1 and UWk:M

k>1

Let £ : S* — M be a continuous map, where S is the unit sphere of R*™
for ¢ > 1. Then, there is some k > 1 such that £(S%) C W,. Moreover, the
homotopy group m;(Wy) = 0 because Wy is homeomorphic to D". There-
fore & is homotopically equivalent to 0 in m;(W}) and, since W}, C M, € is
homotopically equivalent to 0 also in m;(M).

(b) Assume by contradiction that D(M /M) contains a non-trivial fi-
nite cyclic subgroup of order £ > 2. Since M has universal covering M
and D(M/M) ~ (M), there exists a covering space M of M such that
(M) ~ Z,.

By (a), also M is aspherical and therefore the integral homology groups

. 0 <zeven, >0
H(M2Z)~{Z i=0
Z; iodd, >0

(see for example [Sp] p. 503). But M is finite-dimensional, thus H;(M, Z) =
0 for i > n = dim(M), hence a contradiction. Q.E.D.

Consider a group I' generated by 71,79, ...,7m € I'. Each element v € T’

p1 . P2

can be represented by a word ;' 7;, ---75’ with p1,po,...,p € Z, and the

(2

integer |p1| + |pa| + -+ + |pi| is called the length of the word.
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The norm ||7|| relative to the set of generators {1, 72, ..., ¥m} is defined
as the minimal length of the words representing . This norm has the fol-

lowing elementary properties

Iyt = Iyl and [y Il < [yl + 171 V.o €T

Moreover, if ||-||" is another norm corresponding to a different set of generators

of I' then there exists a positive costant ¢ such that

1
bl <eqll vy el (13)

The norm ||-|| provides I' with a left invariant metric dr (71, o) o v 22l
and we denote by Br (7, 7) def {y €T :dr(v,7) < r} the open ball of radius
r > 0 centered at 7 € I'.

Definition 1.4.2 A group I' with generators 1,7, ..., %, € I' has polyno-

mial growth if there is a real polynomial p such that
card(Br(e,r)) < p(r) Vr>1

where e is the identity element of I". By (13), this property does not depend

on the particular choice of the set of generators.
The following theorem is the first step towards the Conjugation Theorem.
Theorem 1.4.3 [Fr] If E(M) # 0 then D(M /M) has polynomial growth.

Proof. Let F' € £(M) with expanding constant A > 1. Replacing F' by %
for some ky > 1, by Proposition 1.2.3, we can assume that A > 2. Choose
a set of generators {71,72,...,Ym} of D(M/M) and let 3o € M be the

-----

and A Y {v(yo) : v € DIM/M)} C M.
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Now, if v € D(M/M) with ||| < r then it is possible to write y =
Vit el with [py|4[pe|+- - -+|pi| = [|7]|. Since the elements of D(M/M)

are d—lsometries then

I
d(yo, ¥ Z Pkl d(Yo, 7i,, (90)) < [IYI|R < rR.

Therefore
card(Br(e,r)) < card(A N B(yo, 7R))  Vr > 1. (14)

Now, we are looking for an estimate on card(A N B(yo, 7R)).
By (b) of Theorem 1.3.3,

d(F*(y), F*(y) = Ned(y,y') > 2%d(y,y) Yk >1 and Vy,y' € M.
Choose an integer p > 2 such that B (yo, pR) is a covering domain and let
¢ %%{card(ﬂ’l(x) N By, pR))} < oo.
Since F is a homeomorphism and the degree of F'is N > 2, then, for k£ > 1,
card(A N F*(B(yo, pR))) = card(m~(F~*(m(yo))) N B(yo, pR)) < ¢N*,

because A = 7 1(7(yo)) and card(F~*(r(yo))} = N*. Thus, by (14), for
k>1

card(Br(e, 2°p)) < card(ANB(yo, 2°pR)) < card(F*(ANB(yo, pR))) < gN*.
Choose an integer d such that 2¢ > N and p? > ¢. Then, for k > 1,
card(Br (e, 2"p)) < ¢N* < (2Fp)®.
If 7 > 2% then 2p < r < 281y for some k > d and
card(Br(e,r)) < card(Br(e, 28 1p)) < (28 F1p)? < 29pd < pdtL,
So, card(Br(e,r)) < r?*! + ¢, where ¢y o max, pe{card(Br(e,7))}. Q.E.D.

Let M be a smooth closed manifold. Now, we define a special subclass

of expanding maps.
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Definition 1.4.4 A C'-map F : M — M is called differentiably expanding
if there are a compatible riemannian metric || - || on TM and a constant

A > 1 such that at any point x € M
|(D.F)vl| > A||v|| Yo e T, M. (15)
We will denote by £1(M) the set of all differentiably expanding maps on M.

Remark 1.4.5 The differentiably expanding maps are clearly expanding for
the riemannian metric d. In fact, F' is a local diffeomorphism and by Theorem

1.1.1, it is a self-covering. Moreover, there is ¢y > 0 such that ¢y < pg and
d(z,2") < e implies d(F(x), F(z") < no,

where 79 and pg are constants determined in Theorem 1.1.1. Let d(x,z’) < ¢
and let s : [0, 1] — M be a differentiable arc joining F'(z) and F'(«'), which is
minimal with respect to the metric d. If D = s([0, 1]) then diam (D) < 7y and
Theorem 1.1.1, (Fip) ! o s is a differentiable arc joining x and 2’. Therefore,

by (15),
/ ! 1 I 1 )
d(z, 2") g/o |(Dsgy F) ™ Dys||dt < X/o IDislldt = $d(F (), F(a').

On the other hand, there exist C'-maps which are expanding but not
differentiably expanding (see [CoRe]).

In fact let F: R — R be a C'-map with the following properties:

(a) F(0) =0 and F(1) = 2;

(b) DoF = DF =1 and D,F > 1 whenever y € [0, 1];

(c) Fly4+ k) =F(y)+ 2k forall y € R and k € Z.
For example, we can choose F(y) L+ y*(y — 2)? on [0, 1] and extend it to
all of R by (c).

Let F be the C'-map induced by F on the circle T?, then since D, F = 1
at the fixed point x = 7(0), F ¢ E(T') whereas it is open and locally

expansive. Hence, by Theorem 1.2.5, F' is an expandig map.
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Proposition 1.4.6 Let F : M — M be a C*-map and k > 1. The map
F e &EY(M) iff FF € EYM).

Proof. If F € EY(M) then obviously F* € £1(M) with respect to the same
metric and expanding constant \’ LR S 1,

Assume now that F* € £1(M) with respect to the metric || - || and the
costant A’ > 1. Then we may define the riemannian metric || - || on 7, M for

all x € M as follows:

H\VddEZH D P hol|® - Vv e M.

Since M is compact and F is a C''-map, there exists a costant C' > 0 such
that
1ol < [l < Cloll* Vo € TuM,

i.e. the riemannian metrics || - || and || - || are equivalent. Moreover,

[(DaF)l? = [(DaFYl|? + -+ (Do) F*=2) (D, ol |2
| (Do) ) (D)ol |2
— DFWl|? + - + [|(D Yol 4 [(D,FH)o 2

> [l = [l + X=[Jo]
)\/2 _

1
MIvl* = Ao

v

(14

and F' € £'(M) with expanding constant A 4 )‘/2_1 Q.E.D.

Let G be a group. A finite normal series
G=Gy>G >G> ---> G, ={e}

where each G; is a subgroup of G;_; and it is normal in G (e is the identity
element of (7), is said to be central if G; is a subgroup of the commutator
group [G;_1,G] for i = 1,...,1. A group admitting a central series is called

nilpotent, and the length of the group’s shortest central series is termed
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its nilpotency class. Note that the non-trivial abelian groups are just the
nilpotent groups of class one.

Let N be a connected, simply connected, nilpotent Lie group with a left
invariant riemannian metric and let Aut(N) be the group of all automor-
phisms of N. We denote by I the identity element of Aut(N). Let Aff(N) be
the affine group of N, that is, the semidirect product Aut(N)><N under the

group law
(A,a)(B,b) = (AB,aA(b)) VA,B e Aut(N) and Va,b e N.
The group Aff(N) acts on N by
(A,a)(y) =aA(y) V(A a) € Aff(N) and Vy € N.

If (A, a) € Aff(N), let r and ¢ be the maps that assign to (A, a) respectively

the rotational part A and the translational part a.

Theorem 1.4.7 [Au] Let K be a compact subgroup of Aut(N) and let ' be
a cocompact (i. e. N/T' is compact), torsion free, discrete subgroup of K><N.
Then the following statements hold:

(a) T N ({I}><N) is the mazimal normal nilpotent subgroup of I';

(b) the group ¥ < T/(T N ({I}=<N)) is finite and isomorphic to r(T');

(c) if T" is a cocompact discrete subgroups of K<N and ¢ : I' — I” is
an isomorphism, then ¢ can be uniquely extended to an automorphism ¢ of

Ke<N such that ¢({I}><N) = {I}><N.

Definition 1.4.8 Let K be a compact subgroup of Aut(N) and let T" be
a cocompact, torsion free, discrete subgroup of Ke<N. The quotient space
M'" = N/T is a smooth riemannian closed manifold, called infra-nil-manifold
and the finite group V¥ is the holonomy group of the manifold. If U is the
trivial group then we say that M’ is a nil-manifold; in this case I' = {I}><Z
and we will write M" = N/Z.

A map & : M’ — M’ is called an endomorphism of M’ if it is induced
by an automorphism ¢ of K><N such that o(I") C T.
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Remark 1.4.9 By Theorem 1.4.7, we can associate to the infra-nil-manifold

M’ = N/TI" the following exact sequence
0 — I'm({I}<N) — I' — ¥ — 0..

The action of the group I' on N is properly discontinuous: for all y € N there
is a neighborhood V' of y such that v(V) NV = ) implies v = e.

In fact, let W be a neighborhood of (I, e) in Kb<N with compact closure.
Now, let v € I', then

Y(yt(W)) Nyt(W) # 0 (16)

iff t(y(ILy)W) Ne((I,y)W) # 0, that is, v belongs to the set
(L, y)W (Ke<{e W (I, y)

which has compact closure. Therefore, since I" is descrete, (16) is satisfied
only for a finite number of elements ~ of I' and there is a neighborhood
V C yt(W) of y such that v(V) NV = ) implies v = e.

Since I' acts proper discontinuously on N, then the natural projection
" N — N/I' = M’ is a regular covering, the universal covering M of M’
is N and T' = D(M'/ M) =~ 1 (M).

Example 1.4.10 For r > 2 and 1 < m < r, UT*(RR) is the set of upper
triangular r X r matrices with entries in R which have 1 on the main diagonal
and 0 on the m —1 diagonals immediately above the main one. We will write
simply UT,(R) when m = 1.

It is easy to check that the commutator group [UT"(R), UT"*(R)] =

UT™(R) for 1 < my,my <1 and mg % max{m, + my,r — 1}. Moreover
UT,(R) > UT}(R) > --- > UT,"Y(R) > {I}.

Therefore, UT,(IR) is a nilpotent group of class equal to r — 1 diffeomorphic

r(r=1) . . .
to R™ 2 . This in fact is a typical example, because by Malcev’s theorem,
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every connected, simply connected, nilpotent group N embeds as a closed
subgroup of some UT,(IR) (see [CoGr] as a general reference).

The quotient space UT,.(R)/UT,(Z) where UT,(Z) is the subgroup of
integer matrices of UT,.(IR), is a nil-manifold of dimension n = @ As an
example of infra-nil-manifold, define v = (U, u) € Aff(UT3(IR)) by

I y1 w3 I y1 —ys 1 % 0
U0 1 5p|)=]0 1 —y2| and u=|0 1 0
0 0 1 0 0 1 0 01
Let I' be the group generated by {I}><UT5(Z) and ~ then UT3(R)/I" is an

infra-nil-manifold with ¥ ~ Z,.

Remark 1.4.11 Note that an endomorphism & of an infra-nil-manifold M’
belongs to £'(M’) iff the differential of ® at the identity element of N has

all the eigenvalues greater than one in absolute value.

The following two results are fundamental for the proof of the next the-

orermn.

Theorem 1.4.12 If T is a finitely generated group then:

(a) [Gr] if T has polynomial growth, T contains a nilpotent subgroup of
finite index.

(b) [AuSc| if T' contains a nilpotent subgroup of finite index and it is tor-
sion free, then I' is isomorphic to a cocompact, torsion free, discrete subgroup
of K<N, where N is a connected, simply connected nilpotent Lie group and
K a finite subgroup of Aut(N).

Here is the Conjugation Theorem.

Theorem 1.4.13 [Hiral] If FF € £(M), there exist an infra-nil-manifold
M’ and an endomorphism ® € EY(M') such that F and ® are topologically
conjugate:

ago F = ® o qy,

where ag : M — M’ is an homeomorphism.
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Proof. By Theorem 1.4.3, the finitely generated group D(./W /M) has poly-
nomial growth and, by (a) of Theorem 1.4.12, this implies that D(M /M)
contains a nilpotent subgroup of finite index.

Since by (b) of Theorem 1.4.1 D(M /M) is torsion free, by (b) of Theorem
1.4.12, the group D(M /M) is isomorphic to a cocompact, torsion free, dis-
crete subgroup I' of Ke<N where N is a connected, simply connected nilpotent
Lie group and K a finite subgroup of Aut(N). Let M’ be the infra-nil-manifold
N/T and let ¢y : D(M/M) — T be the isomorphism. The homomorphism
F': D(M/M) = D(M/M) is injective because if F¥(v) = e, then

F(y(y) = F*(7)(F(y)) = F(y) ¥y €Tl and Yy e M,

and, since, by Theorem 1.4.7, F'is a homeomorphism, this means that v =e.
Therefore, by (c) of Theorem 1.4.7, the injective homomorphism ) o Fioy!
of I', can be extended uniquely to an automorphism ¢ : Ke<N — Ke<N
such that ({I[}><N) = {I}><N. Therefore, the automorphism ¢ induces an
endomorphism ® : M’ — M’. Let ® be the lifting of ® defined by the
restriction of ¢ to {I}><N, then ®f =)o F¥o )1,

By Remark 1.3.7, since F' is expanding, there exists a continuous surjec-
tive map «y : M’ — M such that Foa; = a; 0 ®.

Let [(N) be the Lie algebra of N and let exp : {(N) — N be the exponential
map. Then exp is an homeomorphism and ® o exp = exp o D, ® where
D.® : I[(N) — [(N) is the differential of ® at the identity of N. Thus

F* o (G 0 exp) = (a1 o exp) o (D.D)* Wk > 1. (17)

Now, we show that all the eigenvalues of D.® are greater than one in
modulus, i. e. ® € E(M’). Suppose, on the contrary, that D,® has an
eigenvalue A\ with |[A\| < 1. Then, if z € I(N) is a corresponding eigenvector
with ||z]] = 1, (De®)*z = Az for all k > 1. On the other hand, since F' is
expanding, the sequence {F *(y)}x>1 is unbounded for all y € M except the
unique fixed point yy of F. Hence, by (17), the sequence

{F*((G; 0 exp)(2)) }x>1 is contained in (& oexp)({tz : |t| < 1})
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which is compact. Hence (& o exp)(z) = yo and the same argument shows
that (& o exp)(rz) = yo for all r € R.

To prove that this is a contradiction, it suffices to prove that &;, and
hence also &; o exp, is a proper map. In fact, let C’ be a covering domain of
M’ then, since oy is surjective, m(a1(C")) = M. If K € M is compact, the
set

Iy el y(@(c)NK # 0}
is finite and K C Uyer,7(G1(C")). Thus,
a(K) < U @) (e

el
because (a1 (C")) = ay((@})~1(y)(C7)). That is, the closed set a; ' (K) is
contained in a finite union of compact sets and therefore it is compact.
Now, that we have established that the endomorphism ® is expanding
on M’ we can apply Theorem 1.3.6 and find the homeomorphism oy which
conjugate F' to . Q.E.D.

Remark 1.4.14 In general, little can be said about the regularity of the
homeomorphism «g. However, C. Arteaga has proved in [Ar] that if F €
EY M) and ® € EY(M) is the associated endomorphism, then the home-
omorphism oy : M — M/’ which realizes the conjugation, is absolutely

continuous iff
| det(D,(F*))| = | det(Dag ) (®*))| V& > 1 and Vo € M such that F*(z) = x.
Moreover, if F, ® are C"-maps with 7 > 2, then ay is a C"~!-diffeomorphism.
§1.5 A comparison with the one-sided shift.

Let ¥y be the set of sequences with values in {0,..., N — 1} with the

product discrete topology. The one-sided shift S : ¥ — Xy is the map
defined by

S(0) Y {ithiss Vo = {ixlis1 € Oy
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Theorem 1.5.1 [Hi] If F € £&(M) with degree N, there is a continuous

surjective map h : Xy — M such that the following diagram commutes:

)OINSNEG y
hl 1h.
M oM

def

Proof. Let I' = D(M/M) and choose a lifting F of F. Define A <
{Y0, ..., yn_1} as the set of right coset representatives for I'/F¥(T') with
70 = e. Note that, if v € M and y € 7~ !(z), then

Fl(2) = {n((F on)(y)) : 7€ AL (18)

Let yo € M be the unique fixed point of F.Ifo= {ix }r>1 is a sequence in
Sy, define k(o) € M by h(o) = (7 o h)(c), where

il(cr) © lim (Floqy,0...0 Flo Yir ) (Yo)-

k—o0
If A\ denotes the expanding constant of I, the limit exists because, by The-
orem 1.3.3, F~'is a %—contraction and I' is a set of isometries with respect

to the metric d on M. Therefore

s ~_ _ ~ R
d(Ftovy,0...0F Yoy )(y), (F oy, o0...0F IOfyikH)(yO))gV

with R & max{d(yo, (F~"o7)(y0)) : v € A}. This also proves that

. R

> 1
d(yo, h < — =
(0. o) SR 5= 57

The map h is continuous and therefore also h: if o, 0’ € Xy have the first
k elements equal, then

1 2R
< ——
A1

d(h(0), h(d")) < %CZ(E(Sk(U)), h(s*(0"))

The map h is surjective because the compact set h(Xy) contains, by (18)

U {h(o) : i =0 Vk > ko} = U F_k(ﬂ(?JO))a

ko>1 k>0
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which is dense in M, by (b) of Proposition 1.3.4.
Finally, we check that the equality F o h = ho S holds: if o € X then

(Foh)(o) = (Fomoh)(o) = (moFoh)(0) = (w0, 0hoS)(a) = (hoS)(0)

because m oy =7 for all v € T. Q.E.D.

Remark 1.5.2 Note that, the map h is not injective in general. In fact, if
® is an expanding endomorphism on T' such that ® is the multiplication by
N > 2 on R then we can take A as the set of traslations 7;(x) = = + ¢ for
i=0,...,N—1.

Therefore, by the definition of the map h,

h(o :FOOi—k Vo = {1 >1 ZN.
(@) =73 ) Vo = {ishen €

Let 0 and ¢’ be the constant sequences respectively equal to 0 and N — 1.
Then o # ¢’ and




Ergodic properties

In this Chapter, we provide a collection of ergodic properties of an ex-
panding map F on a closed manifold M. First we discuss a scheme for
searching invariant measures of F' due essentially to P. Walters ([Wal]) and
here adapted to the case of the expanding maps. This scheme is based on
the transfer operator £ : C(M,R) — C(M, R) defined as

LN S efWfy) VreM

yeF—1(z)
for a suitable choice of ¢ € C'(M,R). More precisely, if
Clz,2’) = sup sup {D_ |p(F'(y)) — o(F'(y))|} < Ld(z,2')

k21 yeF=*(z) =0

for some constant L > 0, when d(z,2") < €, then, the set
AE{feCM,R) : f>0and f(z) < @) f(2')if d(z,2') < e}

is a non-empty closed convex set of C'(M,R). and L£L(A) C A. When it
is known a fixed point h of £ in A such that A > 0, then there exists a
F-invariant normalized measure . Moreover, F' is exact with respect to pu:

every set belonging to the intersection
() £ *(Bor(M))
k=0

has measure equal to either 0 or 1 (exactness is stronger then ergodicity).
Two remarkable invariant measures, which originally had been found by

different methods, now come out by the above scheme choosing opportunely
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the map . The first invariant measure, written pg, corresponds to ¢(z) =
—log(N), where N > 2 is the degree of F', and is the measure with maximal
entropy. The second one, written pp, holds when F is a C%-differentiably
expanding map on a smooth riemannian closed manifold. pg corresponds
to ¢(x) = —log(|det(D,F)|) and it is equivalent to the Lebesgue measure.
In view of some new applications of these two measures, some preparatory

results end this Chapter.

§2.1 Transfer operator and invariant measures.

Let M be a closed manifold and let F' € E(M).

Definition 2.1.1 We define the transfer operator £ : C(M,R) - C(M,R)
associated to F and ¢ € C(M,R) as

L)'= > Ufy) VoeM

where f € C(M,R).

Remark 2.1.2 Note that, since F' is a self-covering with degree N > 2 the
sum in the definition of £ is finite. Moreover, if d(z,2’) < €1, by Theorem
1.2.7, letting D def {z,2'}, there is a natural bijection between the sets

U2, F~%(z) and U2, F~*(2') by letting, for k > 1, y € F~*(z) correspond

toy’ € F~*(a') iff y and ¢’ lie in the same component ng); moreover

a > d(z, ') = d(F*(y), F*(y') > Nd(y,y). (1)

Lemma 2.1.3 Let ¢ € C(M,R) be such that, for some constant L > 0
k-1
Clz,a') Esup sup {Y |o(Fi(y)) = o(F'(y))|} < Ld(w, ")
k21 yeF=*(z) =0
when d(x,z') < €. Then, the set
AE{feCMR) : f>0and f(z) <@ fa!) ifd(z,2') < e}

is a non-empty closed convex set of C(M,R) and L(A) C A.
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Proof. Since C(x,z') > 0 and does not depend on f, the non-negative
constant maps belong to A and A is closed and convex.
Let z,2" € M be such that d(z,z') < e;. By (1), d(y,y) <e. If feA
then f(y) < e“@¥) f(y) and
L(f)(z) < Z eso(y’)f(y’)elw(y)—w(y/)\+C(y,y/) < E(f)(:p’)ec(“”’x/)
y'er—1(a’)

because |o(y) — o(y')| + C(y,y') < C(x,a’). Therefore L(f) € A.  Q.E.D.

We denote by Meas(M) the space of all positive measures on M with
respect to the o-algebra of the borelians Bor(M) equipped with the weak”*-
topology. We indicate by Meas; (M) the set of all normalized measures. If
1t € Meas(M) we define pu(f) < [\, f(z)dp(z) for all f e L, (M, R).

Definition 2.1.4 If F' is a measurable map of M, then a measure p €
Meas; (M) is F-invariant if p(F~'(E)) = u(FE) for all E € Bor(M). In this
case, F' is exact with respect to p when the condition F~*(F¥(E)) = F €
Bor(M) holding for all £ > 1 implies that p(FE) is equal to either 0 or 1.
This property can be expressed also in the following equivalent way: every

set belonging to the intersection
() F*(Bor(M))
k=0
has measure equal to either 0 or 1 (see [Ro| as a general reference).

Remark 2.1.5 The exactness property of a measurable map F' of M implies
the following facts:
(a) if F*(E) € Bor(M) for all k > 0 and pu(E) > 0 then
lim pu(F*(E)) = 1.

k—00

In fact, let Ej, = F~*(F*(E)) for all k > 0. Then {Ej};>o is an increasing

sequence of sets. If S def U2 Ei, then, for £ > 0,

S = fj E; = F7*(F*(S)) and u(S) > u(E) > 0.
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Therefore, by the exactness property

lim p(FH(E)) = lim p(By) = u(S) = 1.

k——~4o00 k——+o00

(b) F' is strong mixing': if E, E' € Bor(M) then

lim p(F~"(E) N E') = u(E)u(E').

k—o00

In fact, let Up be the operator defined by Ug(f) = foF forall f € L2(M,R).
Once, we prove that

lim < UR(f), g >2=< f,1 >2< 1,9 >2 Vf,gGLi(M,]R) (2)

k—o0

the strong mixing property will follow by choosing f = Ig and g = Ig.
Note that

<SUR(f), g >2=<Up(f— < f,1>12),g >+ < fi1 >12< 1,9 >12 . (3)

Rohlin has proved in [Ro| that F'is exact with respect to p iff the intersection
subspace .

) Up(Ly (M, R))

k=0
contains only the costant maps. Then ||[Uk(f— < f,1 >)||z2 — 0 as k — oo
and, by (3), the equation (2) holds.

Let ¢ € C(M, R) be such that it satisfies the hypothesis of Lemma 2.1.3.
Then the following theorem yields a procedure to find an F-invariant measure
u for F when a fixed point h belonging to set A of the transfer operator L is

known.

Theorem 2.1.6 [Wal] Assume that there is a map h € A such that L(h) = h
and h > 0, and define the operator L as

_hf
hoF

n particular F is ergodic: if E € Bor(M) such that F~1(FE) = E then u(FE) is equal to
either 0 or 1 (it suffices to choose in the definition of the strong mixing property E' = E).

L(f)E L(——=) VfeCOMR).
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Then there exists i € Meas; (M) such that:
(a) p is an F-invariant and

lim £*(f) = u(f)  Vfe€CMR);

k—o00

(b) F is exact with respect to p.

Proof. First, note that, since £(h) = h and h > 0 then

Wh L(h)(z)

1< Y, S < SEA= s v e oo m)

yer—1(z)
Since £(1) = 1, then ||£|| = 1.
By Theorem 1.2.7, if z, 2’ € M with d(z,2’) < €; and k > 1, then, since
L(R) = h,
~ ~ ek W h(y
2@ - ENE) < Y T ) i)
S @)
yeF=F(z)
e Wh(y)  errWIh(y)

+ | - L)
2w )
€
< sup{[f(z) = f()|: 2,2 € M, d(z,7) < )\—2}
—ent) W) ()
+If sup {|1 — el e W)=kl
Al S h(y) h(e')
where @4 (y) = S5 @(F*(y)) for all y € M.
Since h € A and |px(y) — vr(v)| + C(y,y) < C(x,2'), we have
672Ld(m,m’) < 6720(1,1’) < eapk(y)fipk(y’) h’(y/) h(ﬂf) < eQC(m,m’) < 62Ld(m,m’).

- h(y) h(z") —

Therefore, the set {£¥(f) : k > 1} is equicontinuous and bounded in
C(M,R), and, since M is compact, by Ascoli’s theorem, there exists a
converging subsequence LF(f) — m(f) € C(M,R).
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Now we prove that, actually, m(f) is a constant map. For k > 1, since
L*(f)(x) is a strict convex combination of the real numbers f(y) with y €
F~*(z), then

min{f} < min{£4()} < minfm(f)} = min{L5m()}. (@)

Moreover, if z € M is such that
LK m()(z) = H}\idﬂ{fk(m(f))} = min{m(f)},

then, for all z € F~*(z2), m(f)(z) = minp{m(f)}. Therefore, since by (b)
of Proposition 1.3.4, Ugs1 F%(2) is dense in M, m(f) = minp{m(f)}, that
is, m(f) is a constant map. By (4), we deduce that the entire sequence
{L*(f)}s>1 converges to the costant map m(f).

Thus we have a bounded linear map m : C(M, R) — R, and by Riesz rep-
resentation theorem, since m(1) = limy_,o £5(1) = 1, then m € Meas; (M).

So, we can write p instead of m.

(a) If f € C(M,R) and x € M then

- e?¥)
Lfeme = ¥ )

yEF~1(x)

f(F(y)) = [() = f(x).

Therefore, p(f o F) = limy_,eo £F(f 0 F) = limy_,oo L5 (f) = pu(f), that is,
i is F-invariant.

(b) Since the sequence {L*(f)}i>1 converges uniformly to u(f) for all
f € C(M,R), and C(M,R) is dense in LL(M,R), then {L*(f)}r>1 LL-
converges to u(f) for all f € L, (M,R). If E € Bor(M) is such that
F~*(F*(E)) = E for all k > 1, then it is simply to verify that

L¥Igf)(F*(2)) = Ip(x)LF(f)(F*(z)) VYzreM and YE>1. (5)
Therefore, by (5), since £(1) = 1,

u(E) = u(Ip(LH(1) o F*)) = p(L*(Ig) 0 F*) = p(Ip(L* (Ig) 0 F1)),
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and taking the limit as k — oo, we obtain that u(F) = pu(Igu(lg)) = (u(E))?
that is, pu(F) is equal to either 0 or 1. Hence, F' is exact with respect to p.
Q.E.D.

§2.2 Two remarkable invariant measures.

By the scheme described in Theorem 2.1.6, we will find two invariant
measures. Here is the first one which it has been studied by M. Misiurewicz
in [Mi].

Theorem 2.2.1 [Mi] Let F € £(M) and define o(z) % —log(N) where
N > 2 is the degree of F'. Then

lim £°(f) = po(f)  Vf € CMR),

k—o0

where po is a normalized F-invariant measure for which F' is exact. More-
over, the measure iy vanishes on points and it is positive on non-empty open

sets.

Proof. The function C'(z,z’) defined in Lemma 2.1.3 is identically 0 and the

set A contains only non-negative constant maps. Since
1
L(1)(x) = ~ Z 1=1
yeF—1(x)

we can choose h = 1 and by Theorem 2.1.6 we find the wanted measure .
If E € Bor(M) with po(0E) = 0, since LF(f) = L*(f) = po(f), as
k — oo, for all f € C(M,R), then, for any a € M
1 _
wo(E) = kh_)rgo mcard(E N F~*(a)). (6)

For x € M, (6) yields

1> po({F*(x)}) = Npo({z}) Yk >0,
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hence po({z}) =0.

For any non-empty open subset U of M, there exists a non-empty open
set V' C U such that uo(0V) = 0. Moreover, by (a) of Proposition 1.3.4,
there is a ko such that F*(V) = M. If a € M, there are at least N*
counterimages of a under F*** belonging to V. Therefore by (6)

N*¥ 1

po(U) 2 po(V) 2 lim e = 50 > 0.

Q.E.D.

Remark 2.2.2 It has been proved by T. N. T. Goodman (see for example
[Wa2] p.187) that, for a continuous map F' of a compact metric space X, the
following equality holds:

htop(F) = sup{h,(F) : p € Meas;(X) and it is F-invariant}

where htop(F ) is the topological entropy, and h,(F) is entropy with respect
to the measure 1 of the map F.

In our case, when F is expanding, M. Misiurewicz in [Mi] has proved that
o is the unique normalized measure invariant for F' with maximal entropy,

i. e. o realizes the sup:
o (F) = htop(F) = log(N) = log(2) > 0.

Note that the measure o corresponds to the uniform invariant ergodic mea-
sure of the one-sided shift associated to the expanding map F' in the Theorem
1.5.1.

The following theorem yields the second invariant measure, which was
investigated by K. Krzyzewski and W. Szlenk in [KrSz|. Let M be a smooth
riemannian closed manifold and indicate by v the normalized Lebesgue mea-

sure induced on M by the riemannian metric.
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Remark 2.2.3 Note that if o € C?*(M, R), then the associated map C(x, 2)
satisfies the condition requested in Lemma 2.1.3, that is, there exists a costant
L > 0 such that C(z,2") < Ld(z,2"), when d(z,2") < €.

In fact, let y € F~*(z) then, since ¢ € C*(M), L' ¥ sup,e {1 (2)|}
is finite. Moreover, by (1), d(z,2') > Nd(Fi(y), Fi(y')) because F'(y) €

F~%=9(z) and therefore the following inequalities hold

> 16 (0) = P )] < LS P (). F) < 5.

def /
We choose L = )\]:1.

A measure pu is equivalent to v, written u ~ v, if, for all E € Bor(M),
w(E) =0iff v(E) = 0.

def

Theorem 2.2.4 [KrSz] Let F € EY(M) N C* (M, M) and define p(x) =
—log(| det(D,F')|) then there exists a normalized F-invariant measure pp ~

v for which F is exact. Moreover

(o) pp=v iff L(1) =1;

(b) the sequence of measures {v o F~*}15q converges weakly to jip.

Proof. First we prove that £*(v) = v. If diam(D) < €, by Theorem 1.2.7,
F~Y(D)=D;U...UDy. Since F; o Fip, fori=1,..., N are all diffeomor-
phisms, for all y € D;

d(v o Fy)
dv
Now, if D € Bor(M), for all f € C(M,R),

d(vo F[h)

(y) = | det(D,F)| = e *® and -

[e@ars) = [ ¥ )%dm)

yeF—1(x

- [ s ) @)
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= S @) @)
222/4@ )= [, fd). @)

Let {D' ..., D™} C Bor(M) be a partition of M such that diam(D’) < ¢
for each j = 1,...,m. Thus, by (7), for all f € C(M,R),

O = Al =Y [ L@ =3 [ s
:tA/@mww:uu>

that is, L*(v) = v.
Since ¢ € C*(M,R), by Remark 2.2.3 and by Lemma 2.1.3, the set

MEAN{feCMR) : v(f)=1}

is a non-empty closed convex set of C'(M,R) and L(A;) C A;. Now, we
show that the operator £ has a fixed point in A;. Then the existence and
the properties of up will follow by Theorem 2.1.6.

By Proposition 1.2.7, there is an integer k1 > 1 such that F* (B(z,¢)) =
M for all z € M. Let L(ky) o SUP, e 1%k, (¥)} which is finite because
or, € C?*(M). For x,2 € M, there exists y; € F~%(x) N B(z,¢€), and, if
f € Ay, then

£k?1(f)(x) _ Z esokl(y)f(y) > esokl(yl)f(yl) > e—L(kl)—C(z,yﬂf(z)_

yeF 1 (z)

Since L*(v) = v and v(f) = 1, integration with respect to z yields
f(z) <e L(k1)+C(z,y1) (Ek‘l(f‘)) < GL(k1)+L€1(£*)k1(l/)(f) _ eL(/ﬁH_LEl’

that is, the set A; is bounded.
Take f € Ay and z, 2" € M such that d(z,z’) < €. Then

|f<SL’) _ f(x’)\ < eL(k1)+Le1 (eC(m,m/) . 1) < eL(kl)Jqu (eLd(m,m/) - 1)
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and A, is equicontinuous.

Therefore, A; is a non-empty compact convex set of C'(M,R) and L is
a continuous map for which £(A;) C A;. Hence, by the Schauder-Tychonoff
theorem (see for example [Rud3] p.143), £ has a fixed point h € A;.

The map h is strictly positive on M. Otherwise, if h(z) = 0 for some
r € M then

LR ()= > e Wh(y) = h(z) = 0.

yEF k()

Thus, since e?<¥) > 0, h(y) = 0 for all y € Uz F*(x) which, by (b) of
Proposition 1.3.4, is dense in M. Therefore, h = 0 which does not belong to
A, and we have a contradiction.

Now we prove that pup is equivalent to v. Define the measure p by setting
w(f) o v(fh) for all f € C(M,R). Since h > 0, p is equivalent to v and
9 — h. Being £L*(v) = v, then for f € C(M,R)

WL() = v(hL(f)) = v(L(fh) = L*V)(fh) = v(fh) = u(f).

Therefore, since u(1) = v(h) = 1,

p(f) = lim m(LH(f)) = w(ur(f)) = ur(f),

k—o0

that is, u = pp.
(a) up =viff h =1.
(b) For f € C(M,R), by (a) of Theorem 2.1.6,

lim £4(1) = lim hZ’“(%) _ h,up(%) — hw(1) = h,

k—o00

Thus, since L*(v) = v, we obtain

(o) (f) = v(foF*) = v(LX(foF")) = v(fL5 (1)) = v(fhw(1)) = ur(f),

that is, the sequence of measures {voF~*};q converges weakly to pp. Q.E.D.
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Remark 2.2.5 Rohlin’s formula gives the entropy of F € £(M) with re-

spect to the measure pp (see [Rol):
e (F) = [ 08| det(D, )| djur(x) > 0.

It is interesting to note that the two invariant measures that we have

described, may coincide.

Theorem 2.2.6 [Wal| Let F' € EY(M) N C*(M, M) and assume that the
normalized Lebesgue measure v 1s F'-invariant. Then v is the unique measure
of maximal entropy iff | det(D,F)| = N for all z € M.

As an application of the previous results we prove the following facts.

Corollary 2.2.7 Let F,G € EY(M)NC%*(M) and denote by ur and pg the
normalized measures, respectively F-invariant and G-invariant, and equiva-

lent tov. If F' and G commute then up = lg.

Proof. Let o & prp o G € Meas;(M). The measure o is F-invariant

because, if E' € Bor(M), then
o(FH(E)) = up(G~H(FH(E))) = up(F~(G™H(E))) = pr(G™H(E)) = o(E).

Now we show that ¢ ~ v. If E € Bor(M) is such that v(E) = 0, since
le ~ v, then

0= pe(E) = pe(G1(E)) and v(G™'(E)) =0.

But since pp ~ v, then 0 = up(G~1(E)) = o(FE). By Theorem 2.2.4, there
is a unique F-invariant normalized measure equivalent to v.
Thus pup = 0 = pup o G'. This means that pp is G-invariant and as

before we can conclude that ur = ug. Q.E.D.
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Remark 2.2.8 Let F € EY(M) N C*(M). If V is non-empty open set of
M, by (c) of Proposition 1.3.4 and by (b) of Theorem 1.2.10, both

Dopm(F)NV and Perpy(F)NV are dense in V.

We will prove in a moment that v(Doy(F) NV) = v(V). On the other
hand, M. Urbanski has proved in [Ur| that, if V' is non-empty then the set
V' \ Doy (F'), which contains the set Perp(£) NV, has Hausdorff dimension

equal to the dimension of the manifold M.

Corollary 2.2.9 Let F € EY(M)NC*M). If V C M is an open set then
v(Dopm(F)NV) =v(V).

Proof. It is enough to prove that v(Doy(F')) = 1 If {V;};>1 is any countable
base of open sets for the topology on M, then

Do (F) = (U F*(Va).
i=1 k=0
Letting U; © U, F~*(V;), then F~9(U;) = U2, F*(V;)) C Uj for all j > 0.
Hence F~(U;) NU; = F~9(U;) and, since pp is F-invariant,

w(U;) = pe(F(Uy) = pp(F(Uy))NU; Vi > 0.

Since I is exact with respect to ugr, by Remark 2.1.5, F' is strong mixing

and
pr(Us) = lim pr(F=2(U) N U;) = (ur(Us))*.

Since pp ~ v, pp is positive on non-empty open sets, and thus pup(U;) =
v(U;) = 1. Now, it is enough to note that Do (F) = N2, U; and necessarily
v(Dopm(F)) = 1. Q.E.D.



Set of periods

In this Chapter, we consider, for an expanding map F' on a closed manifold
M, the set of periods P(F'), i. e. the set of all positive integers m such that
pr(m) > 0 where

pr(m) ¥ card{zr e M : F™(z) =z and F*z) £z fork=1,...,m—1}.

First, by using the Conjugation Theorem, we show that the cardinality
of the set of fixed points of F' is equal to the Nielsen number N'(F). In other
words, all the fixed points are essential and no one of them can be eliminated
by homotopy.

Afterwards, we prove that P(F') is cofinite, i. e. the set IN*/P(F) is
finite. This will be attained by establishing the following limit

k+1
lim NF™)

ey, Y

where N > 2 is the degree of F, which will be computed exploiting the
properties of the measure py of maximal entropy. Also a sufficient condition
for being P(F) = N* is given.

Then, we investigate the flat manifolds which are those infra-nil-manifolds
with the simply connected nilpotent group equal to R". We give a suitable
representation of a flat manifold M as the quotient space R"/I" where T" is
an affine Bieberbach group. After proving that flat manifolds admit always
an expanding map, by the Conjugation Theorem, to each F' € £(M) we

associate an endomorphism ® 4 ,), where (A, a) is an affine map of R" with
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all eigenvalues of absolute value greater than 1. By the Nielsen number

formula
1

N(F) = g1
(

Z ‘det<A - U)|7

Uu)ev
where VU is the holonomy group of M, we prove that on a flat manifold, the
sets of periods of its expanding maps are uniformly cofinite. Moreover, the
set of periods of a map F' expanding on an infra-torus up to dimension 3 is
always equal to IN*. This results complete the investigation of the structure
of P(F), at least for expanding maps, which was started by J. Llibre in the
case of T2 and T3.

In the brief section, which ends the Chapter, we show how the set of
the periods of an expanding maps on a nil-manifolds N/Z depends on the

linearization of the nilpotent group N.
§3.1 Index theory and the Nielsen number.

Let X be a connected compact polyhedron. If U is an open set of X and
OU is its boundary in X, we denote by Cy(X) the set of all continuous maps
F : X — X without fixed points on 9U.

It is possible to associate to each F' € Cyy(X), an integer number (X, F, U),
called the index of the map F' on the open U. This index provides an alge-
braic computation of the cardinality of the set of fixed points of F' contained
in U and can be viewed as a generalization of the notion of multiplicity of
zeros of a complex analytic functions of one variable.

In the modern development of this subject, the index is first defined ab-
stractly as a function satisfying the following five axioms, which were inspired
by the properties of the classical index:

(i) Localization: if F,G € Cy(X) and F(z) = G(z) for all x € U then

i(X,F,U) =i(X,G,U).

(ii) Homotopy invariance: If H : X x [0,1] — X is a homotopy and
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F,(-) % H(-,t) belongs to Cy(X) for all t € [0,1] then
i(X, P, U) = i(X, FuU) Vi€ [0,1].

(iii) Additivity: let F' € Cy(X) and let Uy, ..., U, be a family of mutually
disjoint open subsets of U such that the set U \ U;_, U; does not contain any
fixed point of F'. Then F' € Cy,(X) for j =1,...,s, and

(X, F,U) = Y i(X, F,U)).
j=1
(iv) Normalization: if we denote by L(X, F) the Lefschetz number of a
continuous map F : X — X in X (see [Brl]), then

i(X,F, X) = L(X, F).

(v) Commutativity: if F;G : X — X are continuous maps such that
GoF € Cy(X), then FoG € Cq1(17(X) and

i(X,GoF,U)=iX,FoG,G(U)).

R. F. Brown has shown in [Brl] that such an index does exist and it is
unique. Moreover, this index has an explicit expression when the map is
differentiable. In fact, let U € X C R" be an open set and let F' € Cy(X)
be a Cl-map. If zy is the only fixed point of ' in U and det(I — D, F) # 0,
then

i(M, F,zo) = sgn(det(I — D, F)). (1)

Remark 3.1.1 Note that these axioms imply immediatly the following facts:
(a) if i(X, F,U) # 0, then F has a fixed point in U.
In fact, by additivity, i(X, F,0) = 0, and, if U contains no fixed point, then
(X, F,U)=i(X,F,0)=0.
So, when zy is an isolated fixed point of F', we will write (X, F, xo)
instead of i(X, F,U), where U is an open neighborhood of xy without any
other fixed point in U.
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(b) If L(X, F) # 0 and G is homotopic to F' then G has a fixed point in

X. In fact, by normalization and homotopy invariance,
(X, G, X)=L(X,G)=L(X,F)#0
and (a) implies that G has a fixed point in X.

Lemma 3.1.2 [Ji] Let FF : X — X be a continuous map and define the
following equivalence relation on Fixx(F): two fized points xo and xi are
equivalent, written xy ~ x1, iff there is a path s : [0,1] — M from xq to x1,
such that F o s and s are homotopic for a homotopy fixing endpoints.

Then there is only a finite number of equivalence classes with respect to

Proof. We denote by IF a generic equivalence class with respect to ~. Now
we prove that IF is an open subset of the compact set Fixy (F').

For zy € Fixx(F'), we look for a neighborhood U of xg, such that any
fixed point x; € U belongs to the same class of xj. Since X has a universal
covering, there is a neighborhood W of xy such that every loop in W at x
is trivial in X and there is also a path-connected neighborhood U of xy such
that U C WNEF~Y(W). If z; € U NFixx(F), take a path s in U from ¢ to
x1. Then both s and F' o s are in W, and therefore are homotopic implying
To ~ Ty

Therefore, since Fixx(F') is compact, there is only a finite number of

equivalence classes. Q.E.D.

Definition 3.1.3 By the preceding lemma, for any equivalence class ' there
exists an open set U such that ' = U N Fixx(F'), then we assign the index
i(X,F,U) to F. The Nielsen number of F is defined as the number of the
essential fixed point classes, i. e. the equivalence classes with non-zero index

(for a general reference see the book of B. Jiang [Ji]).
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The fundamental result which made so important the Nielsen number in

the fixed point theory is the following.

Theorem 3.1.4 [Ji| Let F : X — X be a continuous map. Then
(a) N(F) < card(Fixyx (F));
(b) N(F) = N(G) for all continuous maps G homotopic to F'.

Proof. (a) Each essential fixed point class IF' contains at least a fixed point
because (X, F, IF) # 0.

(b) Let G be a continuous map homotopic to F and H : X x [0,1] = X
the corresponding homotopy map. Any fixed point class IF of F' corresponds,
via H, to a fixed point class ¥ of G. Then, by the homotopy invariance
of the index, i(X, F,F) = i(X,G,F’). Therefore, the fixed point class I is

essential iff also I’ is essential. Q.E.D.

Remark 3.1.5 Note that, by the previous theorem,
N(F) < MF(F) o min{card(Fixx(G)) : G is homotopic to F'}.

The polyhedron X is called Wecken if the equality N (F) = MF(F) holds for
all continuous map F': X — X. It has been proved, see [Br2] as a general
reference, that if X is any compact manifold of dimension n > 3 then it is a
Wecken manifold. On the other hand, the surface consisting of a disc with

two holes, often called the pants surface, is not Wecken.
§3.2 Nielsen numbers for expanding maps.
Now, we will see what happens when we choose F' expanding on a closed

manifold M. By Corollary 1.3.8, the cardinality of the fixed point set is

homotopy invariant for expanding maps, and therefore, by Theorem 3.1.4,
N(F) =N(G) < card(Fixpm(G)) = card(Fixy (F))

for all G € £(M) homotopic to F. The following theorem says that actually
N(F) = card(Fixpm(F)).
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Theorem 3.2.1 If F € E(M) then
(a) |i(M, F,x)| =1 for all x € Fixp(F);
(b) |[L(M, F)| < N(F) = card(Fixu(F)).

Proof. (a) By Theorem 1.4.13 there exist an infra-nil-manifold M’ and an
endomorphism ® € £Y(M’) such that F and ® are topologically conjugate
by some homeomorphism ag: a9 o F = & o ag. Therefore, if x € M is a
fixed point of F, then ag(x) is the corresponding fixed point of ® and, by

the commutativity property of the index,
i(M, F,x)=i(M, ay o(agoF), z)=i(M’, (o F)oayt, ap(x)) =i(M', ®, ap(z)).

Since ® € £'(M’), the differential D,® has all its eigenvalues with absolute
value greater than 1. Then, by (1),

i(M, D, 2) =i(M', @, ap(z)) = sgn(det(I — Dy ®)) # 0.

(b) First we show that each equivalence class contains only one fixed
point. Let xg, 21 be two equivalent fixed points and let s : [0,1] — M be
a path from z to 27 such that F os ~ s. Let F be a lifting of F and
yo € 7 Y(x0), then, by Remark 1.3.2, there is v € D(M/M) such that
F(yo) = (o), that is (75" o F)(y0) = yo-

So, Fy = Y lo F is another lifting of F', and since F' is expanding, by
Theorem 1.3.3, yq is the only fixed point of F on M. Let § be the lifting of
the path s such that 5(0) = yo. Then Fyo 3 is a lifting of the path F o s such
that (Fy o §)(0) = yo. Hence, since F os ~ s, by the monodromy theorem

their liftings Fy05 and 3, both starting from gy, must have the same endpoint
y1 = 3(1) = (Fo 0 3)(1) = Fo(w)-

Therefore, since the fixed point g of FO is unique, yo = y; and 1 = 7w(y;) =
7(yo) = wo. Thus N (F) is the number of fixed points of F' because, by (a),
the index i(M, F, x) is non-zero for each = € Fixp(F).
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Moreover, since equivalence classes corrispond to fixed points, the first

inequality in (b) follows directly from the normalization property:

LM, F) =] > iMFa)l< > |ilM,Fx)=N(F).

ceFix (/) zeFixy(F)

Q.E.D.

Theorem 3.2.2 If F € £(M), then
] N(Fk—i—l)
o N
where N > 2 is the degree of F.

Proof. Let ¢ = —log(N) and let £ be the transfer operator associated to F
and ¢, then

L) = B = 537 X f0) V€ CIMER)
yeEF k()
and by (a) of Theorem 2.1.6, the sequence {L*(f)}r>1 converges uniformly
to the costant map po(f), where pg is the normalized F-invariant measure
with maximal entropy.
For k > 1, denote by py the measure on M such that for all x € M

1 ¢k
) o i F(2) =2
(i) = { 0  otherwise :

Now, we will prove that the sequence of measures { i }r>1 converges weakly
to Mo
im i, (f) = po(f)  Vf e CM,R).

k—o00

Actually, we can assume that f € C(M,R) has its support, written
supp(f), such that supp(f) CC D, where D is a compact set with diam(D) <
€1. If a € D then it suffices to show that

lim (yx(f) = £*(f)(a)) = 0.

k—o00
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By Theorem 1.2.7, if k > 1, F~%(D) is the disjoint union of the sets ng) with
diam(DZ(k)) <gfori=1,..., N*, where A > 1 is the expanding constant of
F. Let k be so large, that

)\k < inf{d(z,2') : x € supp(f), 2’ & D}.

Let 7, © {1 < i < N* : D™ nsupp(f) # 0}. Then, as a consequence

of our choice of k, if i € 7, then ng) C D. Moreover, by Theorem 1.3.3,

the homeomorphism F; *: D — D(k) is a -contraction. Hence F; * has a

)
unique fixed point, say z( ) , in D ) for i € L.

Letting al(k) ©pka)n D( , we have

Jim [ (f) = £4(f) ()] < Jim o Y1) - fa) = 0

1€T),

because d(zgk) a(k)) <&

) g Ak

Then, when f is the costant map 1,

and f is uniformly continuous on M.

lim (1) = po(M) = 1,

k—o0
and, since N( - = pg(l) for all k£ > 1,
N(Fk-i-l) N(Flc—f—l) NFE

N = N.

lim = lim

Q.E.D.

§3.3 Cofiniteness of the set of periods.

Definition 3.3.1 For m > 1, the number of periodic points of period m for
a map F': M — M is denoted by

pr(m) défcard{xé/\/l c F™(z) =2 and FF(z) £ afork=1,...,m—1}.

The set of periods P(F) of the map F is the set of positive integers m such
that pg(m) > 0.
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Remark 3.3.2 We already know, by Theorem 1.2.10, that if F' € £(M),
then, for all m > 1, pp(m) is finite and the set Per((F') is infinite. Therefore,
P(F) is infinite.
Moreover, since N'(F™) = Y, pr(k) for all m > 1,1. e. N(F™) is the
Méobius transform of pg(m), then
pe(m) = SUCON(FY) = S 0MN(FE)  vm=1,  (2)
klm klm

where, for k> 1,

1 iftk=1
I(k) €L (=1)" if k is product of 7 distinct primes
0 otherwise

(see [Hu] p. 108). Note that for m > 1, 3, ¥(k) = 0.

The following theorem tells us that, actually, P(F') is cofinite, i. e. IN* \
P(F) is a finite set.

Theorem 3.3.3 If [' € £(M), then P(F) is cofinite. More precisely, there

15 an integer kg > 1 such that

N(Fk+1) - 1+\/5
N(Fk)y — 2
and m € P(F) for all m > 2kg. If kg =1 then P(F) = IN*.

Vk > ko (3)

Proof. By Theorem 3.2.2,

_ N(FM! 1+
i Ny = V22
Thus there exists an integer ky > 1 such that (3) holds.
Now we prove that (3) implies that m € P(F) for all m > 2k,. Note
that, for m > 4,
SN (F™ )+ 0N EY) = SN (F™4) + (LN (FY)
2<k<T klm,k<m klm,2<k<Z

+ Y N(F™F) + I(m)N(F).

kfm,2<k<Z

=
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For 2 < k < Z N(F™*) > N(F*) > 1 when k|m, and N(F™F) >

2

N (F) > 1. Therefore, since [9(-)| < 1,

STN(F™Fy +Z¢9 z S(1+v9 k N+ 1) +9(m)] > 0. (4)
2<k<F k|m, k<m klm,2<k<7% kfm,2<k<%
Let 7 = 125, By (2), (3) and (4) for m > max(4, 2ko)

pr(m) = N(E™M+ 3 ﬁ<%w<F’f> > N(F") = 3 N(E™H)

klm,k<m 2§k§%
> N(F =Y N(FR) > NP1 - -
< h<m—2 m<h<m—2 "
> 1 _r=1

whence m € P(F).
To complete the proof, it suffices to check the case when kg = 1 and
1 <m < 3. Since N(F) > 1, then 1 € P(F). Moreover,

pr(2) = N(F?) = N(F) > (1 = )N(F) >0,
pr(3) = N(F?) = N(F) > (1> = )N(F) > 0

show that also 2,3 € P(F). Q.E.D.

§3.4 Flat manifolds.

By Theorem 1.4.13, we know that, if £(M) # (), then M is homeomorphic
to a infra-nil-manifold. However, given an infra-nil-manifold M = N/T,
E(M) can be empty. M. Shub and D. Epstein in [EpSh] proved that, when
the nilpotent group N is the abelian group R", then £(M) is always non-
empty.

Definition 3.4.1 A cocompact, torsion free, discrete subgroup I" of O(n)><R",
the group of the affine isometries of R", is called a Bieberbach group and
M = R"/T is the flat manifold associated to I
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Remark 3.4.2 The term flat derives from the fact that the flat manifolds
are connected compact riemannian manifolds whose Levi-Civita connection
has identically vanishing curvature (see [Ch] and [Wo] as general references).

Moreover, by Theorem 1.4.7 (see [Au]):

(a) TN ({I}><R") is a finitely generated free abelian group isomorphic to
Z" and is the unique normal abelian subgroup of I'.

(b) ¥ =T/(I'Nn({I}><R")) ~ r(T') is the holonomy group of the manifold

and is finite.

The following proposition will allow us to find a better representation of

a given flat manifold.

Proposition 3.4.3 Let I' be Bieberbach group. Then, there is an element
(B,b) of the affine group Aff(R"), which conjugates I' to a subgroup T C
Aff(R"), such that for any v € T":

v=Uu) with Ue GL(n,Z) and |V|u € Z".
The group I is called affine Bieberbach group.

Proof. By (a), there exists B € GL(n,R) such that the rotational parts of
the elements of the group I & (B,0)T'(B,0)~! have integer coefficients.

Moreover, by (b), the group U % I /({I}<Z") is finite with the same
cardinality |¥| of U and

U = {(Uy,w) : i=1,...,|¥]} C GL(n, Z)<R".

Now, for all positive integers i, j < || there exists a positive integer k < |V|
such that U;U; = Uy and

t(Ui,uy) (U, uj)) = Uy +w; = u, (mod Z").

Fix ¢ and sum the congruences varying j over {1,...,|¥|}. Since, also k
varies over {1,...,|¥|}, we obtain that there is p; € Z" such that
|7 A

Ui(D_uj) + [Wlu; = (2 u;) + pi-

j=1



64 Chapter 3

Letting b def _\_‘}’I Z‘j\ﬂl uj, then —U;b + u; = —b + Wl‘pi and
1
Therefore, the wanted affine trasformation is (B, b). Q.E.D.

Remark 3.4.4 Let M = R"/T be a flat manifold and let M’ be the quotient
space R"/T”, where I" = (B,b)['(B,b)"! is the affine Bieberbach group of
the previous proposition. Then, a map f : M — M’ is well defined such

that the following diagram commutes

R 8 Rre
Tl 7
M LM

and, moreover it is easy to check that f is a homeomorphism. This fact allows
us to consider in our future investigations, a flat manifold as the quotient
space of R" by an affine Bieberbach group rather than a Bieberbach group.

Moreover, by Proposition 3.4.3, an affine Bieberbach group T' is totally

determined by a reduced system of representatives
def .
R<F> = {<U27uz> : 2217---7m}

where U; € GL(n,Z) and u; = Wl‘pi with p; € {0,...,|V]| — 1} for i =
1,...,m < |U|. The group I' is generated by the elements of the set R(I") U
({I}<Z™).

As there are only finitely many finite subgroups of GL(n, Z), then, there
is only a finite number of reduced systems for affine Bieberbach groups in

dimension n. Hence, there is also a finite number of n-dimensional flat man-

ifolds.

Now, we collect some rudiments of cohomology theory of groups that we

will need later.
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Let G be an arbitrary group acting on R". The transform of an element
u € R" by g € G is denoted by ¢g-u € R". For j > 1, let C/(G,IR") be the
set of functions ¢ : GY — R", and let C°(G,R") ©' R”. Each C/(G,R") is a
group and it is called the set of j-cochains for G in R". For j > 0, we denote
by 87 : C7(G,R") — C7*1(G,R") the j-coboundary operator:

(5JC)(91, e 7gj+1) = g1 0(92, T 7gj+1) + Z(—l)’c(gl, 5 i1, 79j+1)
i=1
+(=1" e(gr, -0 95)-

Let Z/(G,R") o Ker(§’) and B(G,R") dof Im(67~1) be respectively the
group of j-cocycles and j-coboundaries. For j > 1, since ¢’ o §~! = 0,
B(G,R") is a subgroup of the abelian group Z7(G,R") and we can define
HI(G,R") = Z/(G,R")/B’(G,R"), that is the j-cohomology group of G
with coefficients in IR".

Let H be a normal subgroup of G which acts trivially on IR". Hochschild
and Serre investigated the relations between the cohomology groups of G, H

and G/H and in particular they proved the following result.

Theorem 3.4.5 [HoSe| The following exact sequence holds:

0—HY (G/H,R")—=H (G, R SH (H,R")“—H*(G/H,R")—H*(G,R").
()
The homomorphismres is defined as the restriction of a cocycle ¢ € C*(G, R™)

to H and H'(H,R™)% is the set of all elements ¢ in H'(H,R") such that
g-c(g7thg) =c(h) for allg € G and h € H.

In our case G T and H & {I}<Z"; so G/H = V. The action of I' on
R™ is defined by:

you=ty(Luy ) =r(y)u Vyel and Yu € R".

The finiteness of the holonomy group ¥ implies the next lemma.
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Lemma 3.4.6 The cohomology group H*(¥, R™) = 0.
Proof. If c € Z'(¥,R"), i. e. (d'c) = 0, then

c(nmye) =7 -c(r) +e(n) VY, e V.

If d % ﬁ > evc(y) € R", summing over 7, € I' and dividing by |¥], the

order of the group ¥, we obtain d = 7 - d + ¢(71), that is ¢ € BY(¥,R").
Thus, H'(¥,R") = 0. Q.E.D.

A fundamental property of affine Bieberbach groups is expressed by the

following theorem.

Theorem 3.4.7 [LSY] Let T be an affine Bieberbach group. If ¢ : T — T is
an injective homomorphism, there ezists (A,a) € Z"*"><R"™ C Aff(R") such
that, for all v = (U,u) € T':

p(7) = (A,0)(7) = (A, a)y(A,a) ™ = (AUA™", Au+ (I = AUA™ )a). (6)

Proof. By (a) of Remark 3.4.2, {I}<Z" is the unique maximal normal
abelian subgroup of I". Thus it is invariant by ¢, and the injective homo-
morphism induced by ¢ on Z" extends uniquely to an automorphism of IR"

represented by a matrix A € Z™". Hence
p((I,p) = (I, Ap) VpeZ" (7)
For any v = (U,u) € I' and p € Z", applying ¢ to both sides of
Y(ILp)y™ = (I,Up) to get (7)(I, Ap)(»(7))™" = (I, AUp),

vields r(¢(y)) = AUA™.
Now, define the map ¢: I' — R"

c(y) € ATM(p(7) —t(r) Yy el (8)
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We say that ¢ € ZYT',IR"). In fact, by the definition of ¢, for v, =
(Ur,u1),72 = (U, up) €T

{ t(p(m2)) = Ac(nive) + AUrug + Auy
tp(n)e(12)) = AULA (Ac(ya) + Aug) + Ac(m1) + Auy

and these two equations imply that c¢(y172) = 71 - ¢(72) + ¢(71)-
Moreover, the exact sequence (5) and Lemma 3.4.6 implies the following

exact sequence:
0=H'(V,R") - H'(T,R") = H'({I}<R", R")".
Hence the homomorphism res is injective whereas, by (7) and (8),

res(c)((I,p)) = c((I,p)) = A7't((L, Ap)) = t((L,p)) =0  Vpe Z".

Therefore ¢ € BY(I',IR") and there exists d € R" such that c(y) =~ -d —d

forall v € T. If a & —Ad, then, by (8), for any v = (U,u) € T

t(p(v)) = Ac(y) + At(y) = Au+ (I — AUA Ha.
Thus
p(7) = (r(e(), tle()) = (AUA™, Au+ (I — AUA™)a).

Q.E.D.

Remark 3.4.8 Let M = R"/I" be a flat manifold. Since I<Z" is a sub-
group of the affine Bieberbach group I', then M is always covered by the
torus T* & R” /(Ib<Z"™). When this covering is not trivial, i. e. when
U £ {1}, the manifold is called an infra-torus.

Moreover, given an injective homomorphism ¢ : I' — I', there is map
(A, a), that is a lifting on R" of a map P4, : M — M, which induces
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on I' a homomorphism @% Aa) equal to . Then, the following commutative

diagram holds
(A,a)

rR* =Y R
—~ 1 1l ~
g KOk S o
7TI/ i{ 7TI/

®(4,9)
M - M

where: 7 = 7" on’, R, : T" — T" is a toral rotation,
Ru.(z) = ((7"(a)121, ..., (7' (a))px,) V2 eT"
and @4 : T" — T" is a toral linear endomorphism

Pp(x) = (2P - 2% o2l 2%y Yo e TV

The map ®(44) is an endomorphism of M and since the differential of (A, a)
at 0is A, then, by Remark 1.4.11, ® (4 o) is differentiably expanding iff sp(A)N
A = (), where sp(A) is the spectrum of the matrix A and A the closed unit
disc in C.

Now we are ready to establish the result of Epstein and Shub. We give a

new proof which is much simpler than the original one.
Theorem 3.4.9 [EpSh] If M is a flat manifold, then E'(M) is not empty.

Proof. The flat manifold M can be represented as quotient space R"/I’
where T is an affine Bieberbach group. The affine map ((|¥|+ 1)I, 0) induces
on I' a homomorphism ¢ such that, for all v = (U,u) € T,

p(7) = ((1%] + DL 0)y(([9] + DT, 0)~" = (U, (%] + 1)u) = (U, u)(L, [ ¥]u).

By Proposition 3.4.3, |¥|u € Z", hence () € I'. Therefore, the affine map
((|¥] 4+ 1)I,0) induces also an endomorphism ®(w|41y7,0) which belongs to
EYM) because (|¥|+1) > 2. Q.E.D.

The next lemma will be useful later.
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Lemma 3.4.10 If A € Z™" is a non-singular matriz then:
(a) @4 is a self-covering of T™ with degree equal to | det(A)| > 1;
(b) if sp(A) has no roots of unity, i. e. det(A* — 1) # 0 for all k > 1
then
card(Fixpn (®%)) = |det(AF —T)] V& > 1.

Proof. (a) Since A is non-singular, ®, is a local homeomorphism of T™ and,
by Theorem 1.1.1, is a self-covering of T".

Moreover there exist two matrices P, Q) € GL(n, Z) such that A = PDQ
where D € Z"™*" is diagonal (see [Hu] p. 384). This means that &, =

®podpo Py where p and P are homeomorphisms. Hence
card(®;'(1)) = card(®,'(1)) = |det(D)| = | det(A)| > 1,

where 1 is the identity element of the group T".
(b) A point & € Fixpa (®X) iff there exists y € R" such that (A* — )y €
Z". Therefore, since det(A* — 1) # 0 for all k > 1, by (a),

Fixpn (%) = Ker(®ae_p)) = P ji_p) (1) = | det(A* —T)|.
Q.E.D.

The following theorem gives a formula for the computation of the Nielsen
number for an expanding map of a flat manifold (see [Mc] as general reference

for the computation of Nielsen numbers).

Theorem 3.4.11 Let M be a flat manifold. If F € E(M) and $(a,) is the

endomorphism associated to I, then

N(F) =00 3 | dei(A~ D) )

‘ ‘ (Uu)evr

All the values of det(A — U) for (U,u) € V¥ are different from zero and have

the same sign.
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Proof. Since N'(F) = N'(®4,q)), it is enough to compute the number of fixed
points of @4 ). Since x € Fixp((Paq)) iff there exist y € R" and (U,u) € T
such that (A, a)(y) = (U,u)(y) and 7T( ) = x, then, by Remark 3.4.8,

Fixp(Pan) =7 J (A=-U) u—a)=7"( J o3 —a)))

(U,U)GF (UU G\I/
(10)
Now, we show that if (U, u) and (V,v) are two different elements of ¥ then

Piy (7' (u = @) N @y (7' (v — a)) = 0.
Otherwise there exists y € R™ and p, ¢ € Z" such that

{ (A-Uy=u—a+p

(A-V)y=v—a+gq

thus (V,v + q)~Y(U,u + p)y = y. Since, by Remark 1.3.2, the action of I on
R" is properly discontinuous, then (Vv +¢) ' (U,u+p) = (I,0) and U =V
contradicting the hypothesis. By (10), since the degree of the covering 7" is
equal to |¥|, then, by Theorem 3.2.1,

N (@) = I;’MZ cand (@1 (' (u — a))).

Uu)ev

To complete the proof, in view of the preceding lemma, it is enough to prove
that all the numbers det(A — U), for (U,u) € T, are different from zero and
have the same sign. So, Card(<1>(_Al_U)(7r/(u —a))) = |det(A —-U)|.

By definition, the affine Bieberbach group I' is conjugate to a subgroup
of affine isometries of R". Hence there exists a norm || - || on R™ such that
Ul <1 forall (Uu)eT.

If we assume that det(A — I)det(A — U) < 0 then, by the continuity of
the real function ¢t — det(A — (1 — t)I — tU), there is a tg € [0, 1] such that
det(A — (1 —to)T — t,U) = 0. That is Ay = (1 — to)y + toUy for a non-zero
y € R". Since @44 € E'(M), sp(A) N A = (), and there is some integer
k > 2 such that || AFy|| > 1 and | A*~1y|| < 1. Moreover, since (A, a)*(T') C T,
by (6), A*1U = V A*~! for some (V,v) € T.
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Thus, gathering all these informations, we have
L < [|A%] = 11 = to) A"ty + to AP UY|| < [I(1 — to) L+t V| ATy ] < 1,

hence a contradiction. Q.E.D.

§3.5 Set of periods on flat manifolds.

Given a flat manifold M and a map F € £(M), by Theorem 3.3.3, we
already know that P(F') is cofinite. However, some periods may be missing

in general. For example, ®_5; € £(T™) has no points of period 2, because,
by (2),

Po_,(2) = N(®2,,)~N(D_or) = | det(41—1)|— | det(—2L—T)| = 3" —3" = 0.

Actually, the finite set of missing periods of an expanding map on T" can

be quite large.

Proposition 3.5.1 [ABLSS] There exists an expanding map F on T™ such
that
PF)CN*“\{k>1:k|(n+1)}.

Proof. Take the toral endomorphism &z where E is the n x n integer matrix
having Q(z) = 2" +22" 1422724 . .+22+2 as its characteristic polynomial.
Since Q(2)(z—1) = 2"(2+1)—2, if a € Ais a zero of Q then |a|"|a+1] = 2
and therefore a = 1. But Q(1) # 0, hence sp(E) N A = () and & € E(T").
Clearly N (®%) > N (®k) > N(®g), when k|(n +1). Since det(E) = 2,
the equality E™(E + I) = 2T implies that det(F + 1) = 1 and

N (@) =| det(E™ 1) |=| det (E" ™ (E4T)—(E+1)|=| det 2E— E—T) =N (®g).

Thus, if k|(n + 1) then N(®%) = N (®g). By Remark 3.3.2, for m > 2, we

have

Doy (m) = (3 ﬂ(%)w(%) —0.

k|m
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Q.E.D.

The question arises whether for a given flat manifold M the sets of periods

of the expanding maps are uniformly cofinite:
({P(F) : Fe&WM)} is cofinite.

As regards T", uniform cofiniteness has been already proven recently by
B. Jiang and J. Llibre in [JiLl] by using the following lemma on algebraic
numbers due to M. Mignotte.

Lemma 3.5.2 [JiLl] Let a be a nonzero algebraic number with minimal poly-
nomial Q € Zlx] of degree d. If |a| # 1 then

1

1—la||> -
1= 1ol 2 gz

with M (o) % |a| TIZ, max{1, |os|} where a is the leading coefficient of Q and

i, ..., aq the roots of Q).

Now, we generalize, for the expanding maps, the result of B. Jiang and

J. Llibre to a generic flat manifold.

Theorem 3.5.3 Let M be a flat manifold then the sets of periods of the

expanding maps are uniformly cofinite.

Proof. Let n be the dimension of M, choose F' € £(M) and let @44y be the
endomorphism associated to F'. Suppose that aq, ..., a, are the eigenvalues
def

of A and let o(A) = max{|ay|,...,|an|}, 1. e. 0(A) is the spectral radius of
A ItV er(V) and k > 1 then

(ARV)™ = (APVATF) APV AT2FY (AT AT AR yim > 1.

Since Ar(V)A~! C 7(¥) and r(¥) is a finite group of order |¥|, there is an
integer 1 < mg < |¥| such that A™kV A=k = V. Therefore (A*V)™m0 =
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UAF™o for some U € r(¥) and (ARV)mol¥l = UlI¥l Akmol¥] = Akmol¥] " Thig
means that, in absolute value, the eigenvalues of A*V and A* are the same:
la1]®, ... Jag|®. Since | det(U)| =1 for all U € r(¥), then by (9),
1 1
N(FF) = Z |det(Ak—U)|:F Z | det(AFV —T)|.

|\Ij| (Un)ew | | (Vyv)ew
Therefore, for m, k > 1

N(P™) _ Se [4et(A"V D] _ £ o™ 1
N~ Ser [det(AV =] = L oo+ 1

(11)

The eigenvalues o, ..., a, are algebraic numbers greater than 1 in ab-
solute value: the minimal polynomial of each «; has degree d; < n and

1 < M(a;) < 0(A)™. Hence, by the previous lemma,

1 1

al —1> > . 12

o 2T M (o) T (20(A))" (12)
Let 1 < k < m be such that k divides m. If |a;| > 2 then

o™ — 1 mekloal* =1 1

e M

lag|F+ 1 loi[F+1 — 3
If 1 < |ay| < 2 then, by (12),

P +1 73 7 3(20(4))"
Therefore, since k < %, by (11),

Em 1 Am—1 Az —1

N = Gagay® sAF 1 2 (e

Assume that m > 2n3. Then there is R > 1 such that the right member
of the above inequality is an increasing function with respect to o(A) for
o(A) > R. Hence, by (13), there is my > 2n® such that the inequality

N(F™ _ R -1 m
N = 6R)™ 2



74 Chapter 3

holds for all m > mq. So, by (2),

pr(m) = N(F™) = 37 N(F*) > N(F™)(1 -

k|m,k<m k|m,k<

) =0,

2
n M
that is m € P(F) for m > my.

In the remaining case, when 1 < p(A) < R, there is only a finite number of
possibilities for the spectrum of A because the coefficients of the characteristic
polynomial of A are integers bounded by n!R". Let r be the minimum of
the lengths of the eigenvalues of such spectra, then r» > 1. By (11), there is
ko > 1 such that for k > kg

N(FkJrl) n _(ﬁ)kﬂ 1_(%)k+1 n 1+\/§
w2l e =2 () 25

i=1 ]
Therefore, by Theorem 3.3.3, m € P(F) for m > 2ky. Q.E.D.

Remark 3.5.4 For F € £(T!), P(F) c IN*\ {2}. In fact, first of all,
po_,(2) = 0. Now, let m > 3. Since m does not divide m — 1, it is easily

checked that, if |A| > 2 then

m—2
Pos(m) > [A™ 1] = 3 |45~ 1] > [A] — 1> 0.
k=1

For F' € £(T?) the possible missing periods are 2, 3 and 4 (see [ABLSS] and
[Ha]), whereas for F' € £(T?), they are 2, 3, 4, 5 and 6 (see [JiLl]). This
situation is summarized in the following table, which has been carried out

during an experimental investigation using Mathematica™.

Torus | Characteristic Polynomial of A | IN*/P(®,4)

T! x4+ 2 2

T? %+ 22+ 2 2,3
? +2 4

™ Z 12 2.6
3 —2 3
a2’ +r+2 2,4
23+t +2 5
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On the other hand, we will show using the Nielsen number formula (9),
that for F' expanding on an n-infra-torus for n < 3, P(F) = IN* (for the
Klein bottle see [Ll]).

Now we give a complete list of the n-infra-tori for n < 3 (see for example
[BBNWZ] or [Wo]). As we have noted in Remark 3.4.4, we can characterize
each flat manifold M = RR"/T" by the reduced system of representatives
R(I") of the corresponding affine Bieberbach group I'. The elements of R(I),
together with the integer traslations {I}><Z", generate the group I'.

Of course, there are no infratori in dimension 1, whereas, the Klein bottle
K? = R?/B, is the only 2-infratorus. This is the reduced system of the affine
Bieberbach group B; and the holonomy group:

wr<{(3 4[4} ==

If n = 3 there are 9 infra-tori M = IR?/T". We list the respective reduced
systems and the holonomy groups There are 5 orientable infra-tori with the
affine Bieberbach groups By, Bs, By, Bs and Bg:

1 0 0 =]
(1) R(By) Y 0 -1 0 |0 U~ Zy;
0 0 —-1]|0]
(10 0 [ 3]
(2) R(B;) ¥ 00 —11|]|0 U~ Z:
01 -1/ 0
(10 0 [3]
(3) R(B) ¥ 00 —11||0 U~ 7y
01 0 || 0]
(10 0 [ %]
(4) R(Bs) Y 00 —11]]|0 U~ Z:
01 1 ||O0)
1 _
y 1 0 0 1 10 0 (1J
(5)R(B6)— 0 —1 0 ,O s 0 1 0 )| o ,\IIEZQX
0 0 —11]lo0 0 0 —1]|1
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Z,.

Moreover, there are 4 non-orientable infra-tori with the associated affine
Bieberbach groups By, Bs, By, Big:

(1) R(B7)def{( 0 )},qmz%
0_
<2’)R<Bg>def{( 5] },\Imzz;
0
[t o o4 10 0
(R TR H R
0 —1]]|3 00 —1
Zy;
1
|10 U~ Zy %
)

1 0 0
4) R(Bi)& |0 -1 0 |,
0 0 -1
The following theorem classifies completly the set of expanding maps on

r 1

_ o o OO
|OO
—_
S|

O O

o= O

o~ o
| oo
—

| E— |
|\.—|

Z,.

the 10 infra-tori up to dimension 3.

Proposition 3.5.5 If M = R"/T" is an infra-torus such that n < 3 and
F € E(M), then F is topologically conjugate to a endomorphism ® 4 4y such
that sp(A) N A = 0 and (A,a) belongs to the corresponding conjugacy class
O(T) c Z™"><IR" hereunder defined:

oa={([>5 L] 4]}

25141 0 01 0
O(By) ¥ 0 ab||z
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@<B4>def{ (

451 +1 0 O
0 a b

wolE oS )3

<
—

Il
1T
Il

pold o o3

SE 4R
s = s =

L

| —
> Q O = )T
B o o

0

| — |
ulﬁ\ g
o =

| IS

ow|§m|§ S Q@ o O

[T
—
oS |3

where the coefficients r1,19,73 € Z.

i

0
b

0
0
0
b
0
b
0

ta,care odd};

}) ca,b,care odd}

|3
wolE ol +

1T

T

s a is odd, c is even

|

NI INT I AN RN s

=

)

+ + + + R

N—

B L [ [ [

7

): a,b,c are odd};

Proof. Since F' induces an injective homomorphisms F*, by Theorem 3.4.7,
it suffices to classify all the maps (A,a) € Aff(R"), for n = 2,3, such that
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AeZV" sp(A)NA =1
(AUA™Y Au+ (I — AUA Da) €T Y(U,u) €T

and induce different homomorphisms on I'. For this purpose, it is helpful to
start by finding all the automorphisms of the finite group V.

We give the complete proof only for the Klein bottle. As regards the
other cases, the proof can be developed in a similar way.

When M = K2, then ¥ ~ Z, and therefore the only automorphism of ¥

is the identity. Hence
1 0 4 |1 0
TR Y

and this means that A is diagonal. Then (6) holds iff there exists s1,r; € Z
such that

5 20 2 2Dzl [)

Solving the above linear system we find that a;; = 2s; + 1 and a; = 5. We
can let a; = 0 because it has no restrictions. So ©(8;) has been determined.
Q.E.D.

Using the above classification, we can establish the following result on

the set of periods.

Theorem 3.5.6 Let M = R"/T be an infra-torus withn < 3. If F € £(M)
and if ®eaq) is the associated endomorphism with (A,a) € ©(T'), then the
Nielsen number N(F¥) of the k-iterate of F for k > 1, in terms of the
entries a;; and the minors A;; of A, is given by:

(a) if ' = Bi, N(F*) = |af; — 1f|az|*;

(b) if T € {By, Bs, By, Bs}, N(F*) = |ak, — 1||det(A11)* + 1];

(c) if T' = Bs, N(F*) = |det(A)* — 1];

(@) i T = By, N(F*) = Jagsl¥] det(f, — D)
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(¢) if T = Bs, N(F*) = |aj, — 1]|det(An)" — 1.
(f) if T € {Bo, Bio}, N(F¥) = |aj; — 1|| det(Ay1)]".
Moreover, P(F) = IN*.

Proof. On each manifold M = IR" /T, the Nielsen number N (F¥) = /\/'((I)?A’a)),
with (4,a) € O(T') and k > 1, is computed by (9). Also here, we give the
complete proof only for the Klein bottle. As regards the other cases, the

proof can be developed in a similar way.

When M = K2, A is a diagonal matrix and
Lok

N(®(1.0) = 5laty — (azy = 1) + a1y — 1)(az, + 1)| = a3 — 1|az|".

Now, going back to the general case, we prove that in every case P(F) =
IN*. By Theorem 3.3.3, it is enough to prove that N/\(/?;Z)l) > 1+2\/g for all
k>1.

(a) If ' = By then

N(FkJrl) - ‘a11|k+1 -1
N(Fk) - |a11|k+1

lags| > (Jai1| — 1)[ag| > 4

because |aj;| > 3 and |ag| > 2.

(b) and (e) If I € {By, Bs, By, Bs, Bs} then |ay;| > 2, |det(A11)| > 2 and

N(Fk—f—l) |a11|k+1 -1 |det(A11)|k+1 -1

N 2 JauF 1 Jdet(AF+1 = Janl=Didet(dn)[=1) = 2

To complete the proof in this case, it suffices to exclude the case when
lai1| = | det(Aq1)| = 2. If |agy| = 2 then T’ = By and | det(Ay;)| = |a®+b*+ab|
Assume that also | det(A;1)| = 2: this implies that the integers a and b are
even and positive. Therefore |a| > 2, |b] > 2 and the following inequality
holds

2 = |a® + b+ ab] > a® +b* — |ab] = (|a] — |b])* + |ab] > 4

which is a contradiction.
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(¢) If I' = Bg then

N(FF1) det(A)F+ —1
N(FF) = |det(A)F+1

> |det(A)] —1>2

because |det(A)| > 3.
(d) If T = B; then N(F*) = |ags|FN(®4,,) with |ags| > 2.
Clearly 1 € P(F). Moreover, for m > 2,

Z"? ) > (Jass|™ — Z |ags )N (@7,) > 1
klm
because [J(%)] < 1 and N (®7,.) > N(Ph,,) > 1 for k|m. Hence m € P(F).
(f) IfT e {Bg, 810} then

N(Fk+1) - |a11|k+1 _

1
NE) 2 a1 | detAml 2 (lanl = Dldet(An)] > 12

because |aq1| > 3 and | det(Aq;)| > 6. Q.E.D.

Remark 3.5.7 For arbitrary dimension n > 3, the set of periods of a map
F expanding on a n-infra-torus is not always equal to IN*. Here it is an
example. Let M = RY/T be the infra-torus with the following reduced

system and holonomy group:

s (([3 7 3. v

Choose the endomorphism ® (4 4) € £(M) where

0 100

(A, © . (-1 1 -1 010
(A,a)-([ 0 A],O) WlthA+—[_2 O]andA_— 0 0 0 1
-2 0 0 0

Now we prove that the endomorphism ®4 4y has no points of period 3.
By (9), for all k£ > 1

N(@f40)= \ det( A% —1T,)|(| det(A* —1y)|+| det(A* +1,)|). (14)
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Since the characteristic polynomials of A, and A_ are respectively 22+ 2z +2
and z* 4 22 + 2 then

Ai+A++]I2 = _]12 and (A2_+A_+][4)(A2_—A_+][4) = —][4.

Hence |det(A3 —1,)| = |det(Ay —1I,)| because |det(A + Ay +1)| = 1,
moreover |det(A% +A_+1,)| = |det(A%2 —A_+14)| = 1. Therefore, by (14),

Poaa(3) = N(Plya) = N(Paa)
_ %|det(A+—]Ig)| (| det(A? ~T,)| | det(A_~T)])
+ (| det(A? +1,)| — | det(A_+1,)])]
= S ldet(A, — )| [|det(A- ~T)|(| det(A2 +A_+1)] 1)
+ [ det(A_+1,)|(| det(A” = A_+1)|-1)| = 0.

§3.6 Set of periods on nil-manifolds.

Suppose now, that M = N/Z is a nil-manifold and define inductively the
series N; 1 & [N;,N] for ¢ > 0, where Ny = N. Since N is nilpotent this
series is finite with length, say [ > 1. For Z;, € Zn N, for i = 0,...,1,
each group Z;_1/Z; is abelian and torsion-free . This set of groups represents
the so-called linearization of Z and, as we can see from the next theorem,
it makes it possible to the compute Nielsen number of a continuous map
F: M — M. In fact, D. V. Anosov has proved in [An] the following theorem

that generalizes a previous result established for the torus (see [BBPT]).

Theorem 3.6.1 [An] If M = N/Z is a nil-manifold and F : M — M is a

continuous map, then
l
N(F) = |L(M, F)] = [] | det(4; = T)],
i=1

where each A; is the n; X n; integer matriz induced by the homomorphism Ft
Of Z on Zl,l/ZZ
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Theorem 3.6.2 If M = N/Z is a nil-manifold and F € E(M), then

P(F) D Llj P(Dy,).

i=1
Moreover, the sets of periods of the expanding maps are uniformly cofinite
and

(WP(F) : FEEM)}DO(PF) : F' € E(T™)}

where n' = min{nq,...,n}.

Proof. By the previous theorem, P(F) = P(P4) where the endomorphism
® 4 belongs to £(T™), n is the dimension of M and A is the n x n integer
matrix which has on the main diagonal the blocks A; fori=1,...,1.

Now, if m € U._; P(®y4,), there exists x;, € T™o for some i, which is a
periodic point of period m for the endomorphism @4, . Therefore, if z; is a
fixed point of @4, fori € {1,...,{} \{io} then v = (z1,...,24,...,27) € T"
is a periodic point of period m for the endomorphism ®4, i.e. m € P(Py) =
P(F). Hence, the uniform cofiniteness of the sets of periods follows directly
from Theorem 3.5.3. Q.E.D.

Corollary 3.6.3 Let M be the nil-manifold UT,.(R)/UT,.(Z) forr > 2 then
NIP(F) : F e £M)} =N\ {2},
Proof. In this case, we have that [ =r — 1l and fort=1,...,r — 1,
Z, = [UT\(Z),UT.(Z)] = UT:Y(Z) and Z;_,/Z; ~Z"""

(see Example 1.4.10).

Hence, if ' € £(M), by linearization we associate to F' the endomor-
phisms: ®,4, € £(T™) with n; = r — i for i = 1,...,r — 1. Then n’ =

min{n,,...,n;} = 1 and, by the previous theorem,

({P(F) : FEEM)} D[P : F' e &(TH} =N*\ {2}.



Set of periods 83

Note that, for r = 3, the expanding endomorphism F' of M, which is defined

0 2]amd

in the linearization of UT3(Z) by the integer matrices A; = l 10

Ay = det(A;) = —2, does not have periodic points of period 2:
pr(2) = N(F?) =N (F) = | det(A2—-1)||A2—1|—| det(A;—I)||A;—1| = 3—3 = 0.

Q.E.D.



Commuting expanding maps
on nil-manifolds

We turn now our attention to the study of the common fixed points of
two given maps F' and G which are expanding on a nil-manifold M = N/Z.
We assume that it is possible to find two liftings F and G such that

FroGh=Giolt

Note that this condition is necessary for F' and GG to have a common fixed
point. Moreover, as we will see, it becomes sufficient if we assume that the
cardinalities of the fixed points set of F and G, respectively N (F') and N (G),
are relatively prime. In this case, F' and G have one and only one common
fixed point. This result will be attained in two steps. In the first one, we
simplify the problem by choosing a suitable homeomorphism «y of M such
that it conjugates both F' and G to two endomorphisms:
apoFoayt =y
{ OéoOGOOéo_lzRQO(I)B

where 6 belongs to the center of N and Ry is the map induced on M by the
translation (I, 8) € Aff(N). In the second step, we solve first the torus case,
and, then we generalize the argument to any nil-manifold, by exploiting the
linearization of Z.

In the last section of this Chapter, as an application of the above dis-
cussion, we recover a result proved by A. S. A. Johnson and D. J. Rudolph
in [JoRu], whereby, if F,G € £EY(T') N C*(T!') are commuting, orientation-
preserving maps such that the integers A and B, respectively the degree of
F and G, do not have a common power then the above homeomorphism

is actually a diffeomorphism.
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§4.1 A common conjugation.

Let F,G € £(M) where M is a closed manifold and take two liftings F
and G respectively of F and G. If F and G commute, then F oG and Go F
are two liftings of the same map. Thus there exists a vy € D(MV/M) such
that

FoG=~0GoF. (1)

Lemma 4.1.1 The following identity holds:
FtoGf =~ioGlo F* (2)
Proof. In fact, if v € D(M/M), then
{ FoGoy=Fol*y)oG=(FloG)(y)oFod
GoFoy=GoFy)oF =(G*oF*)(y)oGoF,
and, by (1),
(FtoGH (7)o FoG=rgo (G'o F¥)(y) o, o FoG.

This implies (2), because 4(-) = 750 (-) o5 ! and F, G are homeomorphisms.
Q.E.D.

Now, assume that M = N/Z is a nil-manifold. Denote by C'(N) the center
of the group N, i. e. the subgroup of N whose elements commute with all

elements of N.

Remark 4.1.2 Let &4, and g be endomorphisms associated respec-
tively to F and G, that is, (A4, a)* = F* and (B, b)* = G* for some liftings F
and G. Note that we can assume that a = b = e, the identity element of N,

because

(A,a)"(L,p) = (A, a)(I,p)(A7, A7 (a™")) = (LaA(p)a™') VpeZ
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The homomorphism aA(-)a™! of Z is injective, and thus, by (c) of Theorem
1.4.7, it can be extended uniquely to an automorphism A’ of N. Therefore
(A, a)* = (A, e)* and we can replace (4,a) by (A’,e). The same can be done
for (B, D).

Theorem 4.1.3 If F,G € £(M) commute and F* o Gf = Gt o F*, then
there exists a homeomorphism oy of M such that dg = Id and an element
0 € C(N) such that

{aooFoa(Tl:(IDA (3)

aooGoozgl:Rgo(IDB

where Ry is the map induced on M by the translation (I,0) € Aff(N).

Proof. Since F' o G! = G o F¥, then, by Lemma 4.1.1, 7o = (I, 7) is such
that fyg = Id. By (c) of Theorem 1.4.7, fyg can be extended uniquely to the

identity homomorphism of N; hence

Y(Ly) = L)Ly (Lr) " = (Lryr™") = (Ly) VyeN,

that is r € C(N). Moreover, (A, e)*(B,e)* = (B, e)*(A, e)* implies that AB =
BA.
As in Theorem 1.3.6, we denote by Spq the set of all continuous maps

& : N — N such that &* = Id, and define the following two maps
F@a) ¥ (Aje) oaoF and Go(a) ¥ (B,e) o (I,0) 0do G,

where the parameter § € C(N) will be chosen in a suitable way later. The
map F send Spq into itself, and, since (I,0) € Spq, also Go(Syq) C Spg-
Moreover, once again by Theorem 1.3.6, we know that F has exactly one
fixed point &y in Syq and &, induces a homeomorphism oy on M.

Now, it will be shown that the parameter 6 can be chosen in such a way
that the maps Gy and F commute and thus have the same fixed point ay.

First of all, for all & € Sy,

(FoGg)(a) = (Ail, e)oGy(a) o F
= (A'B7LAT'BY(A)oaoGoF.
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Similarly, since 7o = (I, 7) and &* = 1d,

(GooF)(@) = (B,B\(8)oF(@)oC

Thus, F and Gy commute iff
(A7'B7Y ATIB7H(0)) = (B'AT, BTHOAT ().
Since AB = BA, then the preceding equation holds iff
ATUB0) = B (0A7(r)),

that is (A,7)(0) = 0, because r € C(N). Note that € is the only one fixed
point of (A, ), because (A,r) is an expanding diffeomorphism of N.

Now, we show that § € C'(N). Since the map (A,7)~" is a contraction in
N, the sequence whose elements are 6y % (A,r)*(r) for k > 0 converges to
the fixed point #. The first element is 6y = r € C(N). If 6, € C(N), then, for
all y € N,

Oniry = A 0y = A7 (10, A(y)) = A A(y)r'0k) = ybria.

Therefore, since by induction all the sequence stays in C'(N), and C'(N) is
closed, the same holds for the limit 6. Q.E.D.

§4.2 A common fixed point theorem.

As a consequence of Theorem 4.1.3, we are able to establish a sufficient
condition for the existence of a common fixed point for two commuting ex-
panding maps depending only on the cardinalities of their fixed points sets.

The following property of the integer matrices will be useful later.
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Definition 4.2.1 Let X,Y € Z™" be two integer matrices, not both equal
to 0. A common left divisor D € Z™" of X and Y such that any common
left divisor of X and Y is also left divisor of D will be called a left greatest

common divisor of X and Y.
The following theorem holds.

Theorem 4.2.2 [Hu] If X,Y € Z™" are two integer matrices, not both
equal to 0, then, there exists a left greatest common divisor D of X and Y .
Moreover there exist P,Q € Z"™*" such that

XQ+YP=D.
First we establish the result for the endomorphisms on the n-torus.

Lemma 4.2.3 Let ®a4), Ppp) € EH(T™) be two commuting endomorphisms.

If
ged(NV (P (aa)), N (PBr)) = 1

then they have one and only one common fized point.

Proof. Since @4 4y, ®(pp) commute, then
(A,a)(B,b) = (I,7)(B,b)(A,a) for some r € Z".

This implies that AB = BA and r = (A —1)b — (B — I)a.
We begin by establishing the existence. The point x = 7(y) is a common
fixed point iff there exist p, ¢ € Z" such that

{ (4, a)(y) = (L p)(y)
(B,b)(y) = (L g)(y)

Then, after having eliminated y, we find the equation which has to be solved

with respect to p,q € Z"

(A-Ig—(B-Dp=(A-Db—(B—Da=r. (4)
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By the above theorem, the matrices (A — I),(B — I) € Z™*" have a left
greatest common divisor D € Z™*" and there exist P,Q € Z"*" such that

(A-T)Q — (B—1)P = D. (5)

Since D is a common left divisor, det(D) € Z divides |det(A — I)| =
N(@q) > 1 and |det(B — I)| = N(®y) > 1. But, by hypothesis,
N(@aa),N(Ppy) are relatively prime. Hence det(D) = +1 ie., D €
GL(n,Z).

Multiplying both sides of (5) by D~'r € Z" on the right, we can write

(A=DQ(D'r)— (B-MP(D'r) = D(D'r) =7

and (4) is solved by p = P(D™'r) € Z" and ¢ = Q(D~'r) € Z".
As for uniqueness, suppose that z1, x5 € T™ are two common fixed points.
If m(y;) = x; for i = 1,2 then

Ay +a=y1+p d Ays +a = yo + p2
an
By +b=y1+q Bys +b=1y2+ q2

for some p1, Py, q1,q2 € Z". Hence, r125" = 7(y; — y2) is a common fixed
point of the homomorphisms ® 4, ¢ 5.

Both sets Fixpn(®4) and Fixpn (®p) are subgroups of T™. Therefore the
order of the subgroup Fixpn(®4) N Fixpn (Pp) divides N (Pa) = N (P(aq)),
and N (®p) = N(®(ps). Since, by hypothesis, these two numbers are rel-
atively prime, then Fixpn(®4) N Fixpn(®p) = {1} where 1 is the identity
element of T™ and z; = 5. Q.E.D.

Now, we are ready to prove the main theorem for a nil-manifold M.

Theorem 4.2.4 Let F,G € £(M) be two commuting maps. The following
two fact holds:

(a) if F and G have a common fixed point, then there are two liftings F,
G such that F*o Gt = Gf o F’ﬁ, and there is a homeomorphism ag of M such
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that

I

ayoFoag'=,
apoGoay’ =dp

(b) if FtoGl =Gt o F! for some two liftings F and G and
ged(NV(F),N(G)) =1,
then F' and G have one and only one common fixed point.

Proof. (a) Let xy be a common fixed point and of ' and G and let yg €
7 (zo). Then there exist p,q € Z such that

F(yo) = (Lp)yo and G(yo) = (L, q)yo-

Now, replace the liftings ', G by the liftings F; = (I,p)"'F and G; =
(I, q)_lé, then 7 is their unique fixed point in N. By (1),

Yo = (FO é)(?/o) = (1o Go F)(?/o) = (%)

Therefore, 79 = (I, ¢), and in Theorem 4.1.3 we can choose 6 = e.

(b) By Theorem 4.1.3, F,G € £(M) can be conjugated to two commut-
ing endomorphisms ®4, ®pg € £(M) with § € C(N) and (4,¢)(B,0) =
(I, 7)(B,0)(A,e) for some r € C(N)NZ.

Therefore, it is enough to prove the theorem when F, G are two expanding
endomorphisms ®(44), sy with (A4,a)(B,b) = (I,7)(B,b)(A,a) and r €
C'(N)NZ. This will be established by induction on the nilpotency class of N.

When the nilpotency class is equal to 1, then N is abelian. Hence M is
homeomorphic to a n-torus and, by the preceding lemma, there is one and
only one common fixed point.

Now, assume that the nilpotency class of N is { > 2. Let N; = [N, N] and

Z, 7N N; and define the two nil-manifolds

M' = (N/Ny)/(Z/Z,) and M" =N,/Z,
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where the nilpotency classes of N/N; and N; are respectively equal to 1 and
[—1.
Then, by Theorem 3.6.1,

N(‘I)(A,a)) = N<(I)/(A,a))N<(I)/(/A,a)) and N(‘I)(B,b)) = N( /(B,b))N< /(/B,b))

where ®' and ®” denote the endomorphisms induced by & respectively on
M and M". Therefore, ged(N(P{4 o), N (P(5y))) = 1.
Since the nilpotency class of N/Nj is equal to 1, then M’ is homeomorphic

to a torus and, by the preceding lemma, there is y € N such that

{ aA(yN,Z/Z,) = yN,Z/Z, 6)

Let a1 % y~laA(y) and by & y='bB(y), then D4 a1)> ®ppy) € E(M”) and
(A,a1)(B,by) = (I,r)(B,b1)(A, a1)
with r € C'(N) € C(N;). Moreover,
8ed(N (P(g 0y, N (P(p4,))) = 8ed(N (P ), N (D(5)) = 1.

Hence, since the nilpotency class of N; is less than [, by the inductive hy-

pothesis, there is y; € Ny such that

CL1A(3J121) =wnly (7)
blB<ylzl) =yZy.

Therefore, equations (6) and (7) yield

aA(ynZ) = ynZ
bB(yyZ) =y Z

that is, 7(yy1) € M is the unique common fixed point of the maps ®(4 4
and (I)(B,b)- QED
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Remark 4.2.5 Note that the condition (b) of the previous theorem is not

necessary. In fact, let M = T? and define the integer matrices

20 30
A_[O 3] andB—lO 2].

Then, the commuting endomorphism ®4 and ®p are expanding on T? and

N(®,) = N(®p) =2, whereas 1 is their unique common fixed point.

§4.3 Commuting maps on T'.

As a application of the previous facts, we recover, a result established by
A.S. A. Johnson and D. J. Rudolph in [JoRu].

Definition 4.3.1 Let A, B be two integers greater than 1. We denote by
< A, B> the multiplicative semigroup in IN generated by A and B. We will
say that < A, B> is nonlacunary if <A, B> is not contained in a semigroup
generated by only one integer, or, in a equivalent way, if A and B do not

have a common power (i. e. A® # B! for all s,¢t > 1).

For example, the semigroup <6, 10> is nonlacunary, whereas <9, 27 > is

not, because it is contained in the singly generated semigroup <3>.

Theorem 4.3.2 [Jo| Let A, B > 2 be such that < A, B> is a nonlacunary
semigroup. If i is a Borel normalized measure of T, invariant and ergodic

for &4 and g, then either p is equal to the normalized Lebesgue measure v

or hy,(®a) = h,(Pp) =0
Here is the main result.

Theorem 4.3.3 [JoRu] Let F,G € E'(T') N C*TY) be two commuting,
orientation preserving maps with A and B respectively the degree of F' and
G. If < A, B > is a nonlacunary semigroup then the map oy in (3) is a

diffeomorphism.
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Proof. By Corollary 2.2.7, since F' and G commute, there exists a normalized
measure f equivalent to the Lebesgue measure v, which is invariant and
ergodic for both F' and G, and %’f = h is a continuous map.

Moreover, if xy € Fixy:i(F') then, for k > 1,

G*(xo) = GF(F(z0)) = F(G*(20)) € Fixp1 (F)

and, since I’ has a finite number of fixed points, then there is an integer m
such that I and G™ have a common fixed point on T!. Note that G™ €
EY(T') and its degree is equal to B™ > 2.

Therefore, since T! = R/Z is a nil-manifold, by (a) of Theorem 4.2.4,

there exists a homeomorphism «q such that

-1

ayoFoag! =,
O{OonOOZO :®Bm

Now, define the normalized measure ji e poagt. Then fi is invariant
and ergodic for both &4 and ®g~. Moreover, as regards the entropies, by
Remark 2.2.5:

hﬂ((IDA) = hM(F) >0 and hﬂ(q)Bm) = hM(Gm) > 0.

Since also the semigroup < A, B™ > is nonlacunary, the above facts im-
plies, by the previous theorem, that ji is the normalized Lebesgue measure

v. So,
xX

ag(x) = p([ze, z]) = / h(s)dv(s) Vo€ T!

Zo

and therefore oy € C1(T?). Q.E.D.



Extensions of differentiably expanding
maps on T"

In this Chapter, given a differentiably expanding map F of T", we will
investigate the fixed point set of an extension F: A" - A" where A" ¥
{z € C" : |z| < 1} is the n-dimensional open polydisc.

First, we consider the case where n = 1 and F is a Cl-map. If &, is
the endomorphism associated, then the integer A is actually the number of
windings around T? of the path F(e*™) with ¢ € [0,1]; a winding is counted
positively if it is oriented counterclockwise and negatively in the opposite
case. We will prove that, if F' preserves the orientation, i. e. A > 2, then
every C'-extension F has a fixed point inside A. On the contrary, if A < —2,
there exists a Cl-estension F' that has no fixed point in A. Moreover, by two
counterexamples, we show that we can not weaken neither the hypothesis
F' is differentiably expanding by F' is expanding nor the regularity of the
extensions from C! to continuous.

Next, we study the holomorphic extensions for n > 1: more precisely, the

maps belonging to the set
Z(A™) € Hol(A", A") N C(A", A") N C(T", T")

whose restrictions to T are differentiably expanding. For n = 1, we recover a
result proved by N. F. G. Martin in [Ma]: if F' € Z(A'), Fip: is differentiably
expanding iff F' is non-invertible and has a unique fixed point in A. For
n > 2 we generalize this result in the following form: if F° € Z(A™) and
Fipn € EY(T™), then F is non-invertible and has a unique fixed point in A,

However, we will show that the opposite implication is false. The Chapter
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ends with a discussion about the fixed points contained in the boundary of
the n-polydisc for a map F' € Z(A") such that Fip» € £'(T"). Rearranging
some results of the previous Chapters, we prove that: if C' is a boundary
component of the polydisc A", (i. e. the cartesian product in some order of
r > 1 copies of T and s > 0 copies of A with r+s = n), and if F(C)NC # 0,
then

F(C)c C and 1 < card(Fixg(F)) < N(F),

and therefore 1 + N (Fjpn) < card(Fixg»(F)) < 14 (2" — 1)N (Fjrn). More-
over, also the case of two commuting maps is investigated.

§5.1 C'-extensions on T'.

We begin by recalling the definition of the fixed point index on A where
A e : |2l <1}
Let r5x : C — A be the following retraction of C on A:

T‘—(Z)dif Z ifZEZ_
2T 5 izee/A

Let I € Cy(A) with U open subset of A containing only one fixed point
x of F. We define the index i(A, F,U) = i(A, F, x) as the degree of the map

olz) & 22 (Forg)(z)

< for z € S,
|z — (Forg)(2)]

where S, ¥ {z € € : |z — x| = €} with ¢ > 0 suitably small such that
S.NA C U. Tt can be verified that this index satisfies the axioms listed at
the beginning of Chapter 3 (see [Ji] p. 11).

Definition 5.1.1 We denote by E'(F) the set of all C''-extensions of F
inside A:
EVF) ¥ {FeC'(AA) : Fp = F}.
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The results established in the following two theorems will turn out to
be fundamental tools later. The first one gives a restriction on the possible
values of i(A,F,z) when F € E'(F) and =z € T' is a fixed point of F.
The second one shows that a map F; € C'(A, A) without fixed points on
the boundary of a convex closed set C C A, can be modified to a map
Fy, € CY(A,A) with at most one fixed point in the interior of C, without
changing the original map out of int(C').

Theorem 5.1.2 [BGS] Let FF € C'Y(T', T') and let € T' be an isolated
fixed point of F. If F 1is transversally fixed in x, i. e. the derivative D,F
of F in x is different from 1, and F € E*(F), then either i(A, F,z) = 0 or
i(A, F,x) = i(TY, F, z) which is either 1 or —1.

Theorem 5.1.3 [BGS] Let C be a closed conver set in A.

If Fy € CYA,A) is a map without fized points on OC, then there is a
Ct-map Fy € CY(A,A) such that:

(a) Fy and Fy coincide in A/int(C);

(b) if i(A, Fy,int(C)) # 0, then Fy has exactly one fized point y € int(C)
and i(A, Fy,y) = i(A, Fy,int(C));

(c) if i(A, Fy,int(C)) = 0, then Fy does not have fized points in int(C).

Remark 5.1.4 Since A is simply connected, every continuous map F : A —
A is homotopic to the constant map identically zero, and therefore, by the

homotopy invariance of the index,

L(A,F) = L(A,0) = i(A,0,0) = deg(p) = 1,

=

E restricted to a small circle about 0.

where ¢ is the map z —

Now, we can establish the main theorem of this section which generalizes

a similar result established in [BrGr]:
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Theorem 5.1.5 [Tal] Let F' € EY(T') with associated endomorphism ® 4.
Then:

(a) if A>2, every F € EN(F) has a fixed point in A;

(b) if A < =2, there exists a map F € E'(F) that has no fired point in
A.

Proof. By Theorem 3.4.11, the map F has N(F) = N(®4) = [A—-1| > 1

fixed points on T! and, if = is one of them,

if A>2

i(TH F,z) = i(T, @4, ap(z)) = sgn(l — A) = { 1_1 A< 9 (1)

where «g is a homeomorphism that conjugates F' to the endomorphism & 4.
Clearly, since F' € E(T?!), F is transversally fixed in each of its fixed point.
Now we distinguish the two cases.

(a) If A > 2, we assume that there exists a map F € E'(F) without any
fixed point in A. If x € T'! is a fixed point of F', then, by Theorem 5.1.2 and
(1), ) )

either (A, F,z) =0 or (A, F,x) = —1. (2)

Therefore, by (2), the normalization property implies

which is a contradiction.
(b) If A < —2, we extend F inside A first in the following manner

By(z) & { l)2| F() i z i?\ {0}

It is easy to see that Fy € E'(F) and that 0 is the only fixed point of Fy in
A. Since |z| > |Fy(2)| for z € A/{0}, then the local degree of the map

dif Z — ﬁo(z)

P9 = LR G)
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at 0, is equal to 1 and therefore i(A, Fy,0) = 1.
Moreover, if x € Fixpi(F'), by Theorem 5.1.2 and (1),

either i(A, Fy,z) =0 or i(A, Fy, x) = 1. (3)

Since, by the normalization property,

~

ST (A, Fy,x) = LA, Fy) —i(A, Fy,0) =1 -1 =0,

zeFiX 1 (F)

then, by (3), i(A, Fy, ) = 0 for all z € Fixq (F).

Choose one of these fixed points, say zo € T, and let C} be a convex
closed set in A with int(C}) # @, such that A\ C} is the union of two disjoint
connected open sets U, V with 0 € U and Fixp: (F)NV = {x¢} (for example,
C| can be a thin linear strip suitably close to g, intersected with A).

Let 0: A — [0,1] be a C*-map such that gy = 0 and gy = 1 and define
for z € A,

© e [ [P (= 2P)e())F(E) if 2 € A\ {0}
Fl(z):{o 0.

Clearly, Fy, € E*(F). Since Fy(z) = F(é) for = € V and, by hypothesis,
A < 2, then
i(A, Fy, m9) = i(TY, Fa0) = 1.

Moreover, F(z) = Fy(z) for z € U; thus

i(A,FL0) = i(A, Fy, 0) =

—_

Therefore,
i(A, Fy,int(Ch)) = 1 —i(A, Fy,0) — i(A, Fy, mp) = —1

and F, has at least one fixed point in int(C4). So, by Theorem 5.1.3, we can
modify FionCitoa map F, e EY(F) such that F, has just one single fixed
point y € int(Cy), with i(A, Fy,y) = —1 and i(A, Fy,0) = i(A, F},0) = 1.
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Let Co ={z€ A : |z| < MT“} Then, Cy contains the two fixed points,
0 and y, of F5 in A and

i(A, Fy, int(Cy)) = i(A, Fy,0) + i(A, Fy,y) =1—1=0.

Applying once more Theorem 5.1.3, we can modify F, on Cy to a map Fy e
FE'(F) without fixed points in int(Cy) and therefore in A. Q.E.D.

Remark 5.1.6 Note that, in the previous theorem, when A > 2, we can not

assume F € £(T!) because the holomorphic map F:A— A, defined by
~ 1+ 322

F(p) & — 27

(2) 3+ 22

has no fixed point in A, whereas, by Remark 1.4.5, F = ETl € £(T!) has
one fixed point z = 1 with D;F = 1 and is topologically conjugate to the
endomorphism ®y; € EY(TH).

Vz € A,

Nevertheless, we can not weaken the hypothesis on the regularity of the
extension F of F because, if F € C(T!, T') has a a fixed point zy € T, then
there always exists an extension F' € C (A, A) which has no fixed points in
A. The construction of F is rather simple: for each z € A\ {zo} the ray from
xo through z intersects T! in a point x and we may write z = (1 —7,)zo+7.2
for some 7, € [0,1]. If F is the continuous map defined by

B )d_ef (1 =1z +r2F(z) if 2 € A\ {zo}
S NP if 2 = xy,

then ﬁ|T1 = F and Fixa(F) = 0.

§5.2 Holomorphic extensions on T!.

Definition 5.2.1 A finite Blaschke product B is a function defined on A by

the equation:

B(z) wﬂz_“j VzeA
z)=e — Z
jzll—ajz

where N is a positive integer, § € R and a;...ay € A.
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Remark 5.2.2 Notice that B is a N-to-1 map of T! onto T!, which is
determined, up to a rotation, by the zeros aq,...,ay. When N = 1, B is the

automorphism of A, T,(z) = =- where a € A. Moreover, if a continuous

surjective self-map of T! has a holomorphic extension in A, then it can be

realized as the restriction on T! of a finite Blaschke product (see [Rud1] p.
310).
The modulus of the derivative of B in a point x € T! is given by
N 2
1 — |a,]
|B'(z)] =) — 5
th—%P
Now, we can characterize the Blaschke products which are differentiably

expanding on T*.

Proposition 5.2.3 [Ma] The following facts hold:

(a) A finite Blaschke product B is differentiably expanding on T iff N >
2 and B has a unique fized point a € A.

(b) If By € EX(TY), then the normalized measure v, such that

dve, . 1—]af
d—u<x> | —al?

Vo e T!

is mmvariant under Bpi, and

1— 2 N 1— 12
|a| log<z |a;]

J=1

0 < hy, (Byp) = /

o = aP Jiv(a) < hrop(Brm) = log(N)

|z — a;[?
Moreover the equality hy,,(Bj1) = hyop(Bjr1) holds iff B is conjugate, up

to a rotation, to the map z — z by the automorphisms T,,.

Proof. (a) Assume that By € E'(T'). Then, by Theorem 1.2.7, N > 2.
If B has no fixed point in A, then there is a w € T, the Wolff point (see
for example [Bu]), such that B(w) = w and |B'(w)| < 1. But, since Bjm is

differentiably expanding, |B’(w)| > 1 and thus, we have a contradiction.
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On the other hand, if B(a) = a € A then the map By & T, 0 B oT. lisa
new Blaschke product with zeros ago), ce aﬁS). Since N > 2 and By(0) = 0,

_|(O|>1 q o .{|T()|}>1—\a|
and ¢ = min{|T,(z)|} >
z€T1 1+ |al

def . /"
A min{|By(x)[} > >

Jj= 11+ 0)|

Therefore |(B*)'(x)| > 2M\* for k > 1 and x € T, If kg > 1 is such that
2\ > 1, then B|T1 is differentiably expanding and, by Proposition 1.4.6,
also By € EY(TY).

(b) Let P]-] be the one-dimensional Poisson integral defined as follows

PUIG) = [, )L

P z|2d1/(:p) Vfe L'(THC) and Vz € A.
If g € C(T', R), the boundary values of the harmonic maps P[g] o B and

Plg o B] coincide on T!, and therefore they coincide also in A. Thus, for all
z €A

|, a@ydvey (@) = Plgl(BE) = Plgo BI(2) = [ g(Bla))dv.(a),

T
that is, v, o (B|Tl)*1 = UB(z)-

Since the sequence of iterates { B*(z)} converges to the fixed point a for
all z € A (see [Bu]), then, by Theorem 2.2.4 (note that v = 1),

which is invariant by Bjpi. Moreover
hya (B|T1) = hV(BO|T1) and htop(BITl) = htOp(BO‘Tl)'

Thus, by Theorem 2.2.6, the equality holds iff |B'(z)| = N for all z € T,
that is, B(z) = €2V for 2z € A. Q.E.D.

§5.3 Holomorphic extensions on T".

The following theorem, proved by J. P. Vigué , gives some properties of
the fixed point set of a holomorphic self-map of a bounded convex domain
D cC".
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Definition 5.3.1 A map ¢ € Hol(A, D) is said to be a complex geodesic if

it is an isometry between the Carathéodory distance of A and D.

Theorem 5.3.2 [Vi] Let D C C" be a bounded convexr domain and F €
Hol(D, D) then

(a) if the set of fixed points of F, Fixp(F'), is not empty, then it is a
holomorphic retract of D, i. e. there exists a map o € Hol(D, D) such that
0* = 0 and o(D) = Fixp(F);

(b) if z,w are two fized points of F, there exists a complex geodesic ¢
such that

z,w € p(A) C Fixp(F).

Remark 5.3.3 When D = A", the Carathéodory distance of A" is equal to

Zi — W;

).

can(z,w) = max {ca(z;,w;)} with ca(z,w;) = tanh ™ (

1,...n 1— ZiW;

Therefore, a map ¢ € Hol(A, A™) is a complex geodesics of A™ iff

.....

hence, by the Schwarz lemma (see [Rudl] p. 254), iff at least one component

@; of v is an automorphism of A.

Definition 5.3.4 Let Hol(A", A™) be the set of all holomorphic maps of A"
into A", and define the set of maps

Z(A™) © Hol(A", A™) N C(A", A™) N C(T™, T").

If F = (f,...,f,) €Z(A"), every component map f; : A" — A is inner in

. An
A"™ and continuous on A"

The following theorem characterizes this class of maps, and in particular
shows that Z(A) consists of all finite Blaschke products.
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Theorem 5.3.5 [Rud2] If f : A" — A is inner in A" and continuous on

A", then it is a rational function':

M(2)Q(3)
f(z) = Ok (4)
where @ is a polynomial in Clz,...,z,] which has no zero in A", Q is

the polynomial () with the complex conjugate coefficients. M is a monomial
whose coefficient has modulus one and is such that P(z) % M(2)Q(2) is a

polynomial in Clzy,. .., z,].
Remark 5.3.6 If f € L'(T", C), then the value of the n-dimensional Pois-
son integral P[f] computed in a point z of the polydisc A™ is
PUIE Y [ F@)P.(e)dv()
where v is the normalized Lebesgue measure on T" and the Poisson kernel

P,(x) def " lif_'?,‘fg for all x € T™. The main properties of the Poisson

integral are (see for example [Rud2| p. 18):
(1) if f is continuous on A" and n-harmonic in A”, that is, f is harmonic

in each variable, then
PlAl(z) = f(z)  Vze A% (5)
(2) if f € L*(T",C) then

lim P[f](rw) = f(w) for almost all w € T". (6)

r—1-

The following lemma will be useful later.

Lemma 5.3.7 [Ta2] Let r,s > 1 be such that r + s = n, and let
M(w, 0@, 1) Plu)

flu,v) = ulvl — AT AN S A

O Q) Q)

be a rational function of the form (4), where we identify z with (u,v) €
A"x N°. If there exists (i, D) € T x A® such that |f(@,0)| = 1, then f does

not depend on the variable v.

'L stands for (L,..., ).
1

,ZTL
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Proof. Assuming f(u,0) = 1, by the maximum principle f(@,-) = 1. Write
Q(u,v) in the form a(u)v? + ... +b(u) € Clvy,. .., v,], where v? = vt ... vds
with d; € IN, and |d| © 4 +... +d, is the degree of Q(u,v) with respect to
the variable v. By the hypothe51s on @, Q(u,0) =b(u) # 0 for all uw e T".
Let M(u,v) = e?u®v?. Then d; > d; fori = 1,...,s. If |d'| > |d| then

we should have P(u,0) =0 for all u € T", whereas

P(a,0) = f(a,0)Q(a,0) = b(a) # 0. (7)

Hence, d’ = d and P(u,0) = e?u?"a(L) = eud”’ a(u) for all u € T.
o) (¢,...,¢) e A for ¢ € A, then

9(¢) ¥ Q(a,v(Q)) = a(@)¢!! + ... + b(a) € C[(].

If |d| > 0, the polynomial ¢ has |d| zeros in C, and the absolute value of the
product of such zeros is, by (7)

eieﬂd”a(’&)

a(t)
Hence at least one zero, say ¢ belongs to A, that is, q(é) = Q(ﬁ,v(g)) =0,

and we have a contradiction because (i, v(¢)) € A". So d = 0, and f does
not depend on the variable v. Q.E.D.

=1.

The following theorem generalizes (a) of Proposition 5.2.3.

Theorem 5.3.8 [Ta2] If F' € Z(A") and Firn € EY(T") then F has one and
only one fized point in A™.

Proof. Assume that F' has no fixed point in A”. The sequence {F¥} of
the iterates of I’ is divergent on the compact sets of A™ and there exists a
subsequence {F*} converging to a map in Hol(A”, d(A")) (see [Ab] p. 274).

By the maximum principle, at least one component of this limit map, say

the first, is identically equal to ¢ € T!. Hence the subsequence of the first



Extensions of differentiably expanding maps on T" 105

components {(F*%);} converges uniformly on the compact sets of A" to the
constant c.

Put p,(¢) % ¢™ with m € N and ¢ € A; then p,, o (F*); is holomorphic
in A" and continuous on A". Therefore we can apply (5) and, for all z € A™,

we have

/Tnpm((F’”)l(af))Pz(ﬂf)dV(x) = Plpm o (F¥)i](2) = pu((F¥)1(2)).  (8)

Now, the limit of (8), for j — oo equals p,,(c). Since the complex vector
space generated by the functions p,,, Dy, for all m € IN is dense in C(T?!, C)
(it is the space of all trigonometric polynomials, see [Rudl] p. 88), for all
g€ C(TH )

lim [ g((F9)y(2)) P.(2)dv(z) = g(c) 9)

j—oo JTn
Note that the complex vector space generated by the Poisson kernels P, for
all 2 € A" is dense in L'(T", C), because, if f € L>(T", C), is such that

/n f(@)P,(z)dv(z) =0 Vze A",

then, by (6), f(z) = 0 for almost every z € T". Density follows from the
fact that L>(T", C) is the dual space of L'(T", C).
Therefore, by (9) and the identity [p. P,(x)dv(z) = 1, the following equa-
tion holds for all h € L'(T",C) and g € C(T!,C):
lim | g((F"):(2))h(x)dv(x) = 9(0)/ h(x)dv(z). (10)

j—oo JTn n

Since Fjp» is C*° and differentiably expanding, by Theorem 2.2.4 there ex-
ists a normalized invariant measures pp equivalent to the Lebesgue mea-
sure v. Therefore, by the Radon-Nikodym theorem, it is possible to find
h € LY(T",R) such that dur = hdv; thus, by (10),

lim | g((F*)1(2))dpr(z) = 9(6)/ hx)dv(z) = g(c)ur(T") = g(c).

j—oo JTn n
(11)
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By the invariance of the measure up, for all j € IN

L o F ) @)due(e) = [ gadue(@) g € (T, 0)

and, by (11), this implies
| g@)dne(@) = glc) Vg€ C(T",C). (12)

Let {g;} be a bounded sequence in C(T!, C) that converges pointwise to I,
the characteristic function of the set {c}, and let E % {¢} x T"!. Then

lim | g;(1)dpp(r) = lim gi(c) = Lc(c) = 1. (13)

i—00 JTn
On the other hand, since v(E) = 0 also up(F) = 0 (because pp and v are
equivalent), and (12) yields

tim [ g@)dur(@) = [ Lle)dpe(e) = [ Ip(@)dur(@) = ue(B) = 0,

i—00 JTn

which contradicts (13). Hence F' must have at least one fixed point in A”.

An inductive argument will show now that the existence of at least two
fixed points in A" leads to a contradiction. If n = 1, then, by Proposition
5.2.3, F has a unique fixed point in A.

Now suppose that uniqueness has been established for 1 < r < n. Since
A" is homogeneous, we can assume that one of the fixed points is in 0. Let
a € A"\ {0} be another fixed point.

By (b) of Theorem 5.3.2, there exists a complex geodesic ¢ € Hol(A, A™)
such that

0,a € ¢(A) C Fixan(F)

At least one component of ¢, say the first, is an automorphism of A, hence,
the closure of the range of this complex geodesic intersects the boundary of
the polydisc in at least one point Z € T! x AT Therefore, by permuting
the last n — 1 variables, we can assume that Z is of the form (u, ) € T" x A®

withr>1,s>0and r+ s =n.
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Since F is continuous on A" we have that F(@, %) = (@, ?). At each fixed
point of F'in A", the eigenvalues of the differential of F' have absolute value

less or equal to 1 (see [Ve] p. 92), hence
|det(DyyF)| <1 V¢ € A implies that |det(D@gq (F))] < 1.

On the other hand, since Fipn € EY(T"), |det(DeynF)| > 1 for each
fixed point (u,v) € T™; therefore the intersection (@, ) can not belong to the
Shilov boundary T™. Then, since f;(a,0) = u; for i = 1,...,r, by Lemma
5.3.7 the first r components fi,..., f,. of F', do not depend on the last s
variables. So we can define the map Fy = (f1,..., fr) € Z(A") that has 0
and (¢1(3), ..., ¢r(3)) € A" as fixed points. Note that these two fixed points
are different because ; is an automorphism of A which fixes 0. Therefore
¢1(3) # 0. Moreover,

D,F; 0O

V(u,v) € T" x T*.
* o *

Db = ‘

Since Fip» € EY(T"), the matrix Dy, F is invertible. Thus, if w € T,(T"),
there exists w’ € R® such that

D(um)F(w, U}I) = (DuFlw, 0)
Therefore, F} is differentiably expanding on T" because
[DuFrw|| = [| D) F'(w, w')[| = Al (w, w') || = Aljwl],

where A > 1 is the expanding constant of F', and this contradicts the induc-

tive assumption. Q.E.D.

Remark 5.3.9 However, for n > 1, unlike the case n = 1, it is not true that
if FF € Z(A™) is non-invertible and has one and only one fixed point in A"
then Fjpn € E(T™). In fact, for n = 2 it is easy to verify that the map

F(21,2) = (220, 212)  V(z1,2) € A,
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belongs to Z(A™), is non-invertible and its unique fixed point in A™ is (0, 0).

But Fjr2 is not differentiably expanding because
F(1,1)=(1,1) € T?, DanF = 21
) - ) I (1,1) - 1 1
and det(D(11)F) = 1.

Definition 5.3.10 A boundary component C' of the polydisc A" is defined
as the cartesian product, in some order, of 7 > 1 copies of T! and s > 0
copies of A with r + s = n. The boundary of the polydisc is partitioned in

2™ — 1 boundary components.

If ' € Z(A™) and Fjp» € E(T™), we already know that F has N (Fjpn) >
1 fixed points on T™ and a unique fixed point in A”. The following theorem
gives an estimate of the number of fixed points of F' on the other boundary
components.

Moreover, also the case of two commuting maps will be investigated.
Adding the differentiably expanding hypothesis, our result turns out to be
more precise, about the number of common fixed points and their location in
A" than the theorem proved by L. F. Heath and T. J. Suffridge in [HeSul,
which assures that there exists at least a common fixed point for two com-

muting maps F, G € Hol(A", A") N C(A", A").

Theorem 5.3.11 For F' € Z(A"™) such that Fir» € EY(T™), the following
facts holds:
(a) if C is a boundary component such that F(C)NC # ) then

F(C)C C and 1 < card(Fixc(F)) < N (Fjpn),

and therefore 1 + N (Fipn) < card(Fixg»(F)) <14 (2" — )N (Fj=);
(b) if G € Z(A™), Gypn € EYT™) commutes with Fyrn, and, the cardi-
nalities of the fized points on T™ of F and G are relatively prime, then F
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and G have a unique fized point in every boundary component C' such that
F(C)cC and G(C) C C.
Therefore 2 < card(Fixz~ (F')) N Fixzr (G)) < 2".

Proof. (a) When C' = T" we already know that card(Fixc(F)) = N (Fjrn).
Thus we can assume that C' = T" x A®* withr > 1, s > 1 and r + s = n.
If (a,v) € F(C)NC then, since |f;(a,0)] = 1 for i = 1,...,r, by Lemma
5.3.7 the first r component maps fi,..., f. of F', do not depend on the last
s variables. Therefore we can define the map Fy = (f1,..., f,) € Z(A").

As in the preceding theorem, F} is differentiably expanding on T" and,
Ay

if ®, is the endomorphism associated to F', then A = and we

associate ®,4, to Fj. This means that the cardinality of the fixed points of
Fyon T" is | det(A; — )| > 1 which divides N (Fjpn) = | det(A — T)|.
Now, let u € T" be one of these fixed points and define

F() = (frea(a, ), ..., fula, ) € Z(A®).
Then F; is differentiably expanding on T?. In fact

Dy I 0

y D,F, Yve T

Dkl = ‘

and since Fp» € E1(T"), if w’ € T,(T*), then
1Dy Faw'|| = [[ Dy (0, w') | = A0, w)]| = Aljw’]].
Thus by the preceding theorem F5 has a unique fixed point © € A®, that is
F(u,v) = (Fi(a), F»(0)) = (a,v) € C.

Hence, 1 < card(Fix¢(F)) = | det(A; — I)| < N(Fpn).
(b) Assume that C'=T" x A® with r > 1, s > 0 and r + s = n. Since C'
is invariant for both F' and G, as in (a), we can define the maps F; and G

belonging to Z(A"), differentiably expanding on T". Moreover, F; and G,



110 Chapter 5

commute, and since the cardinalities of the fixed points of F; and G; on T"
divide respectively N'(Fjr») and N (G ), they are relatively prime. Thus,
by Theorem 5.3.8, F; and Gy have a unique common fixed point u € T".
Now, as in (a) we define the maps F, and G5 belonging to Z(A*®), differ-
entiably expanding on T?. By the preceding theorem, F5 has a unique fixed
point o € A® and since Fy and Go commute, then G5(0) = 0. Therefore

(@, v) is the unique common fixed point of F' and G in C. Q.E.D.
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